
Diploma Thesis

Learning Similarity Measures:
Strategies to Enhance the

Optimisation Process

Thomas Gabel

November 2003

Tutors:
Prof. Dr. Michael M. Richter

Dr. Armin Stahl

Artificial Intelligence – Knowledge Based Systems Group
University of Kaiserslautern
Postfach 3049
67653 Kaiserslautern





This is to certify that I have written this thesis, implemented the
algorithms used for my work and conducted the described exper-
iments completely by myself and without ulterior help. External
sources and used literature are referenced and can be found in the
Bibliography.

Kaiserslautern, November 2003 Thomas Gabel





Contents

1 Introduction 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Learning Similarity Measures 5

2.1 Foundations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.2 Settling Similarity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2.1 Representation Mechanisms . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2.2 Usage of Default Similarity Measures . . . . . . . . . . . . . . . . . . . . 9

2.2.3 Bottom-Up Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2.4 Top-Down Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.3 Realisation of the Learning Framework . . . . . . . . . . . . . . . . . . . . . . . 12

2.3.1 Training Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3.2 Error Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3.3 Implementing the Framework . . . . . . . . . . . . . . . . . . . . . . . . 14

2.4 Learning Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.4.1 Modelling Evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.4.2 Representing Individuals . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.4.3 FLSM as Evolution Strategy . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.4.4 Specialised Genetic Operators . . . . . . . . . . . . . . . . . . . . . . . . 25

2.4.5 Assessing Individual Fitness . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.4.6 Sequential vs. Parallel Processing . . . . . . . . . . . . . . . . . . . . . . 27

2.5 Motivation for Enhancing the Learning Process . . . . . . . . . . . . . . . . . . 29

3 Classification Domains and Solution Similarities 33

3.1 The k-Nearest Neighbour Retrieval . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.2 Utility Feedback Revisited . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.3 Readapted Error and Fitness Functions . . . . . . . . . . . . . . . . . . . . . . 39

3.3.1 Ordinal/Cardinal Retrieval Error with Solution Similarity . . . . . . . . 40

3.3.2 Solution Prediction Error . . . . . . . . . . . . . . . . . . . . . . . . . . 41

i



Contents

3.3.3 Classification Errors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.3.4 Settling Fitness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.4 Introspective Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4 Embracing Background Knowledge 49

4.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.1.1 Overfitting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.1.2 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.2 Concepts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.2.1 Knowledge-Based Optimisation Filters . . . . . . . . . . . . . . . . . . . 54

4.2.2 Intervening the Learning Process . . . . . . . . . . . . . . . . . . . . . . 55

4.2.3 Knowledge Filters and Their Elements . . . . . . . . . . . . . . . . . . . 56

4.2.4 Knowledge Pieces and Their Formalisation . . . . . . . . . . . . . . . . 58

4.3 Similarity Meta Knowledge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.3.1 Heuristics on “Typical” Similarity Measures . . . . . . . . . . . . . . . . 60

4.3.1.1 Normalisation Constraint . . . . . . . . . . . . . . . . . . . . . 60

4.3.1.2 Reflexivity Constraint . . . . . . . . . . . . . . . . . . . . . . . 61

4.3.1.3 Symmetry Constraint . . . . . . . . . . . . . . . . . . . . . . . 62

4.3.1.4 Monotony Constraints . . . . . . . . . . . . . . . . . . . . . . . 63

4.3.2 Mining Knowledge from the Case Base . . . . . . . . . . . . . . . . . . . 65

4.3.2.1 Statistical Case Base Analysis . . . . . . . . . . . . . . . . . . 65

4.3.2.2 Exploitation of the Statistical Knowledge . . . . . . . . . . . . 67

4.4 Expert Knowledge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.4.1 Attribute and Weight Preferences . . . . . . . . . . . . . . . . . . . . . . 71

4.4.2 Expert Estimations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.4.3 Taxonomic Symbolic Attributes . . . . . . . . . . . . . . . . . . . . . . . 75

4.4.4 Ordered Symbolic Attributes . . . . . . . . . . . . . . . . . . . . . . . . 78

5 Implementation and Optimisation 81

5.1 Filter Realisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

5.2 Advising Mutation Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

5.2.1 Relational Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

5.2.2 Bound Specifications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

5.2.3 Granularity Values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5.3 Advising Crossover Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

5.3.1 Relational Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

5.3.2 Bound Specifications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.3.3 Granularity Values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

ii



Contents

5.4 Retrieval Meta Knowledge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.4.1 Foundations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.4.2 Brute Force vs. Smart Fitness Calculation . . . . . . . . . . . . . . . . . 89

5.4.3 Achieved Improvement . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.5 Intelligent Control of the Learning Process . . . . . . . . . . . . . . . . . . . . . 90

5.5.1 Initial Situation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

5.5.2 Intelligent Learning Scheduler . . . . . . . . . . . . . . . . . . . . . . . . 92

6 Experimental Evaluation 97

6.1 Performance Evaluation for Predictive Application Domains . . . . . . . . . . . 97

6.1.1 Comparison of Error Functions . . . . . . . . . . . . . . . . . . . . . . . 97

6.1.2 Comparison of Application Domains . . . . . . . . . . . . . . . . . . . . 99

6.2 Filter Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

6.2.1 Filter Definition and Experiment Planning . . . . . . . . . . . . . . . . 103

6.2.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

6.2.3 Extended Overfit Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 108

6.3 Scheduler Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

7 Conclusions and Future Work 111

7.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

7.2 Perspective . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

iii



Contents

iv



List of Figures

1.1 Metaphorical View on Building Knowledge-Based Systems . . . . . . . . . . . . 2

2.1 Knowledge Container Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.2 Knowledge-Intensive Local Similarity Measures and Default Measures . . . . . 10

2.3 Top-Down Approach to Defining Similarity Measures . . . . . . . . . . . . . . . 11

2.4 Knowledge Compilation: From the Adaptation to the Retrieval Container . . . 15

2.5 The General Learning Scenario . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.6 Optimisation Loop – Enhanced by Background Knowledge . . . . . . . . . . . . 17

2.7 Evolution Strategy: Control Algorithm . . . . . . . . . . . . . . . . . . . . . . . 19

2.8 Variety of Evolutionary Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.9 Representation of Similarity Vectors as Individuals . . . . . . . . . . . . . . . . 21

3.1 Examples for a Classification Task . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.2 Solution and Problem Similarity . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.3 Employing Solution Similarity as Similarity Teacher . . . . . . . . . . . . . . . 38

4.1 Sources of Background Knowledge . . . . . . . . . . . . . . . . . . . . . . . . . 52

4.2 Intervention of Knowledge Filters to the Learning . . . . . . . . . . . . . . . . . 56

4.3 Composition of Knowledge Filters . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.4 Normalised and Non-Normalised Similarity Measures with Identical Semantic . 61

4.5 Statistical Case Base Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.6 Granularity Value Determination and Sampling Point Distribution . . . . . . . 69

4.7 Example for an Expert’s Attribute Preferences . . . . . . . . . . . . . . . . . . 72

4.8 Filter Element Search Strategies . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4.9 Usage of Inner Nodes and Feasible Regions for Similarity Matrices vs. Similarity

Tree Individuals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.10 Representation of Ordered Symbolic Similarity Measures as Individuals . . . . 79

5.1 Excerpt of the Overall Class Structure Employed by FLSM . . . . . . . . . . . 82

5.2 Performance of Smart Fitness Calculation Compared to Brute Force Fitness

Calculation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

v



List of Figures

5.3 Attribute-Specific Analysis of the Learning Progress . . . . . . . . . . . . . . . 91

6.1 Comparison of Error Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

6.2 Optimisation Ratios and the Problem of Overfitting . . . . . . . . . . . . . . . 100

6.3 Relative Retrieval Improvements Compared to Default Measures . . . . . . . . 101

6.4 Filter Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

6.5 Filter Experiments – Part I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

6.6 Filter Experiments – Part II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

6.7 Extended Overfit Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

6.8 Scheduler Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

vi



1 Introduction

Similar problems have similar solutions. This is the assumption on the basis of which the
research field of Case-Based Reasoning (CBR) has emerged. Knowledge-based systems oper-
ating on the basis of CBR solve new problems by means of reusing old solutions to former, yet
similar problems. But when are two problems considered to be similar? The answer to that
question is of crucial importance for CBR systems to function properly.

On the one hand, the similarity assessment could be based on a syntactical match between
the old and the current problem situation. On the other hand, the similarity might represent
an indication on how useful an old solution will be, when it is applied to the problem at hand.
Finding a concrete manifestation of the term “similarity” is usually the task of a knowledge
engineer. However, the last decade has seen a number of approaches that aim at using Machine
Learning techniques to adjust the similarity assessment in Case-Based Reasoning.

Recently, an innovative and comprehensive framework for learning similarity measures has
been introduced. Among its capabilities is the ability to automatically induce sophisticat-
edly modelled similarity metrics (Stahl, 2003). The objective of the thesis at hand is the
enhancement of the mentioned learning framework, primarily by incorporating various forms
of background knowledge into its optimisation process.

1.1 Motivation

Evidently, there is a multitude of approaches to build up knowledge-based systems. These
approaches differ in the types of application domains they are employable in, in the amount
of factual and general knowledge they can cope with as well as in the computational resources
they require. When creating a knowledge-based system, the initial situation is characterised
by a certain amount of available general knowledge, application domain-related knowledge and
problem-specific knowledge that must be processed. From an abstract, perhaps metaphorical
point of view that processing can be considered as making a more or less substantial amount
of “knowledge liquid” pass through a “processing funnel” resulting in a ready-to-use system.

The Cyc project (Lenat and Guha, 1990) started in 1984 aimed ambitiously at the creation
of a comprehensive intelligent system using a manual knowledge acquisition approach. Here,
the processing funnel was operated manually (and was thus very tight): Human beings entered
millions of rules into a knowledge base. Besides that very slow, yet accepted costly process, the
resulting system suffered from the enormous complexity caused by the interplay of the vast
amount of provided knowledge items. The other extreme, the Machine Learning approach,
tries to automatically induce system-usable knowledge (e.g. rules) from data. This approach
has led to numerous successful applications in many domains. However, they often suffer from
problems such as noisy input data or the inability to computationally handle the eventually
voluminous amounts of input knowledge.

Generalising, we may say that the processing of the knowledge liquid (input) by the funnel
represents a bottleneck: If the amount of data/knowledge to be passed through is too extensive
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1 Introduction

or if the funnel itself is too tight, it may not be feasible to generate a satisfactory outcome
with reasonable effort. In other words, smaller problems can be handled while handling more
voluminous and comprehensive ones remains impossible. This is especially problematic as the
tasks to be coped with in practice have been and are growing continuously in complexity.

In the last years, Case-Based Reasoning (CBR) has gained popularity as an approach that
also tackles the before mentioned problem. Case-based applications solve new problems by
reusing old solutions to former, similar problems. These experiences, called cases (usually
consisting of a problem and a solution part), are stored in a case base. Given a new prob-
lem situation, called query, the CBR system retrieves that case from the case base which is
most similar to the query and whose application to the current problem seems to be advis-
able. Returning to the metaphor from above, the advantage of the case-based approach is
clear: During system build-up the case knowledge does not have to be compiled or processed
explicitly. Instead it can – separated from the knowledge liquid – be bypassed along the funnel.

Knowledge-Based

System
Knowledge-Based

System

Knowledge

P
ro

ce
ss

in
g

F
un

ne
l

Knowledge

P
ro

ce
ss

in
g

F
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Knowledge

B
yp

as
s

CBR Approach

Figure 1.1: Metaphorical View on Building Knowledge-Based Systems

This advantage was one of the reasons why CBR as a new technology could succeed in being
applied even in rather complex application domains throughout the previous decade.

The “price” to be paid for that advantage, however, can be prescribed as controlled inexact-
ness in problem-solving. To keep that inexactness tolerable for possible users of the system, a
first indispensable prerequisite for CBR to function properly is the availability of high-quality
case data. Yet, the case data cannot be utilised appropriately, if it is not guaranteed that,
given a new problem situation, the most useful cases are retrieved from the case base.

CBR systems employ so-called similarity measures to mathematically model the meaning
of the rather informal term “similarity”. Those measures represent heuristics to estimate
the utility of old cases’ solutions for the problem at hand. Since those measures depict the
foundation on the basis of which cases are selected for reuse, a high quality of the employed
similarity measures depicts another crucial prerequisite for any CBR system. As heuristics,
similarity measures may contain more or less domain-specific knowledge. One extreme often
used in traditional CBR systems is represented by simple distance metrics that do not consider
any domain knowledge and interpret similarity as “similar look”. Anyway, the experience of
the previous years has shown that simple distance metrics are often insufficient, when applying
CBR for more complex tasks. Hence, various modelling techniques to define more sophisticated
similarity measures, i.e. those measures that may take domain knowledge into consideration
and thus represent better heuristics for selecting useful cases, are used widely nowadays.

As a matter of fact, due to ever-growing requirements regarding the practical usage of a
CBR system and growing sizes of problems to be solved, even experienced knowledge engi-
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1.2 Thesis Outline

neers sometimes find it difficult to manually define appropriate similarity measures in complex
application domains. In contrast to that state-of-the-art procedure for defining similarity mea-
sures, Stahl (2003) introduced a general learning framework that supports a better acquisition
and formalisation of domain knowledge to be employed by machine learning algorithms for
finding suitable similarity measures. Basically, it suggests the exploitation of easily acquirable
feedback on the usefulness of cases for a number of queries. It then uses that information to
adjust the similarity measures and thus to improve the quality of retrieval results they produce.
In the language of our metaphor this work makes a second semi-automatic funnel available
(the first funnel of course must be operated by a knowledge engineer), which uses some of the
input knowledge liquid to find optimal similarity measures.

The intention of the thesis at hand is to enhance and to improve that framework for learning
similarity measures, mainly by explicitly incorporating several forms of additional knowledge
into the optimisation process. In so doing, we want to bridge or at least shorten the gap
between both before mentioned oppositional approaches towards defining sophisticated sim-
ilarity measures. As a result, we also intend to overcome some of the learning framework’s
weak points and, speaking metaphorically, mean to ameliorate the corresponding knowledge-
processing funnel:

• The application of the learning framework’s capabilities in certain application domains
presupposes a number of specific extensions. We intend to achieve a broader applica-
bility, i.e. to make the learning of similarity measures in further application scenarios
applicable.

• The learning framework’s optimisation process at its current stage of realisation is very
time consuming. We intend to speed it up.

• By means of additional knowledge, given as hints or constraints to a learning algorithm,
the overall performance may be improved on a grand scale. With respect to the men-
tioned learning framework, that incorporation of background knowledge ought to not
only increase its general learning capabilities, but also reduce its susceptibility to the
well-known problem of overfitting.

1.2 Thesis Outline

The availability of adequate similarity measures is of crucial importance for CBR systems.
By means of the mentioned framework for learning similarity measures on the basis of “case
order feedback” (which we will discuss in Chapter 2) we are in possession of the possibility
to optimise similarity measures with various learning strategies. The thesis at hand attaches
on that framework and aims at its enhancement. As a conclusion from the introductory
motivation the following tasks shall be solved in the scope of this work.

Broader Applicability The current confinement to learning from training data in form of case
order feedback, i.e. from information about the correctness of retrieval results, does not
sufficiently support the usage of the learning framework for classification and solution
prediction tasks. To gain a broader applicability and allow for the optimisation of simi-
larity measures in those domains, too, we must develop an appropriate alternative way
of acquiring feedback on the utility of cases as well as corresponding error functions.
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1 Introduction

This will give us the opportunity to learn similarity measures in numerous application
domains, in which training data is amply available, e.g. in form of pre-classified cases.
Consequently, the effort to acquire training data does not apply and so the realisation and
experimental evaluation of the concepts to be introduced subsequently will be simplified.

Incorporating Knowledge The incorporation of additional knowledge can result in a selective
restriction of the space of possible, syntactically correct similarity measures, that can
be taken into consideration during learning, and thus significantly improve the learning
process. The improvement may manifest itself in an increased learning speed and better
learning results, respectively, as well as in a reduced amount of training data needed,
which in turn may decrease the risk of overfitting. Intended strategies to incorporate
background knowledge include, for example, heuristic constraints concerning the shape
of similarity measures, the utilisation of concealed information within the case base or
the acquisition and usage of partial expert knowledge in several forms and levels of
confidence.

Systematic Optimisation and Evaluation The current prototypic realisation of the learning
framework (as an extension to a commercial CBR tool) is only intended to represent a
test and demonstration environment to show the principle functionality of the frame-
work. We do not aim at advancing that prototype to a software usable for daily CBR
practice. However, we intend to develop a number of sophisticated techniques by means
of which the learning process can be sped up significantly. This is indispensable, es-
pecially when conducting an experimental evaluation of our extensions to the learning
framework introduced in the scope of this work.

The remainder of this thesis is organised in accordance to the above-mentioned task defini-
tion. Beforehand, Chapter 2 gives an introduction to similarity measures and their modelling in
Case-Based Reasoning. Furthermore, the principles and main features of the mentioned learn-
ing framework are illustrated. At the end of that chapter, setting up the way for the following
ones, we motivate in detail why an enhancement of that framework is purposeful and in which
manner those enhancements can be accomplished. Chapter 3 and 4 focus on a broader applica-
bility and at the incorporation of background knowledge as described above. In Chapter 5, we
start with some technical explanations and descriptions concerning the implementation car-
ried out within this work. Moreover, we address several systematic (implementation-specific)
optimisations that we introduced into the implementation of the learning framework. In order
to show the capabilities of the concepts introduced in the previous chapters, in Chapter 6 we
discuss the results of several experimental evaluations and address aspects such as overfitting
and the learning improvement gained thanks to incorporated knowledge. The last chapter
closes with conclusions and future work.

In general, we do not presume special previous knowledge from the reader of this thesis.
However, some basic knowledge in Case-Based Reasoning and Machine Learning, in particular
in Evolutionary Algorithms, would definitely help understanding the motivation and founda-
tions of this work. Although we give a brief, technical description of the mentioned learning
framework for similarity measures, the reader might be interested in a more detailed descrip-
tion of that framework. We therefore refer to the work of Stahl (2003). Some foundations
on Case-Based Reasoning may be found in the respective literature, e.g. by Leake (1996a) or
Lenz et al. (1998), and concerning the basics of Genetic and Evolutionary Algorithms we refer
to Holland (1975) and Schwefel (1981).
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2 Learning Similarity Measures

During the development of a CBR system for a specific application domain the definition of
appropriate similarity measures is a difficult task. Yet, the availability of similarity measures,
which sufficiently approximate the utility of cases for a given query, is an indispensable prereq-
uisite for a proper working and a successful employment of any CBR application (Stahl, 2001).
Hence, for a Case-Based Reasoning system to function in accordance to the frequently-cited
paradigm “Similar problems have similar solutions” (Leake, 1996b) it is necessary to dispose
of a reliable, trustworthy similarity assessment.

The work of Stahl (2003) introduces a methodology and a complete framework together
with appurtenant algorithms, that aim at learning similarity measures. In this chapter we give
a brief outline of “A Framework for Learning Similarity Measures in Case-Based Reasoning”,
since that work represents the foundation for the thesis at hand. In the following we will refer
to that framework shortly by the abbreviation FLSM.

After some general remarks on similarity measures, we introduce their commonly used rep-
resentation mechanisms and oppose two contrary approaches towards defining those measures.
Then, we summarise the main features of the mentioned learning framework and its imple-
mentation. The following section focuses in detail on FLSM’s learning algorithms as those will
play a significant role throughout the remainder of this thesis. The last section of this chapter
presents our motivation for enhancing FLSM.

2.1 Foundations

According to Richter (1995) the knowledge a CBR system makes use of is distributed over
four containers: case knowledge, vocabulary knowledge, adaptation knowledge and retrieval
knowledge (see Figure 2.1).

Case
Knowledge

Kno
wled

ge

A
da

pt
at

io
n

K
now

ledge

Retrieval

Vocabulary Knowledge

Figure 2.1: Knowledge Container Model

The case knowledge container of course contains cases, i.e. problem descriptions together
with their respective solutions, that represent experiences made in the past. The vocabulary
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2 Learning Similarity Measures

used to characterise cases strongly depends on the application field. To fill that container,
a knowledge engineer has to choose an appropriate case representation (e.g. attribute-value
based representation1 or graph representation) and to decide for associated data structures
(e.g. data types of attributes and their value ranges). The third container comprises all the
functionality required to adapt retrieved cases (e.g. transformational analogy using adaptation
rules) in order to make them more useful for the problem situation at hand. Finally, the
retrieval knowledge covers the similarity measure(s). These are mathematical representations
of the very broad term “similarity” that are used to express the degree of similarity between
two entities numerically. We will revert to the knowledge container model several times in the
scope of this work, since it provides a good overview of the knowledge sources a CBR system
may make use of and because with its help we can easily illustrate on which kind of knowledge
a CBR system’s competence relies on.

Definition 2.1 (Similarity Measure)
A similarity measure is a real-valued function sim : M2 → [0; 1], where M is the set of all
problem descriptions.

Concerning the types of similarity measures used in CBR applications Stahl and Gabel
(2003) differentiate between knowledge-poor and knowledge-intensive similarity measures, that
differ from each other in the amount of domain-specific knowledge encoded into the measure.

The first ones are typically simple distance metrics whose similarity assessment can be char-
acterised as a syntactical comparison. Typical examples are the hamming distance measure,
the simple matching coefficient, or an Euclidian distance measure. Those measures include
no or only little domain-specific knowledge and thus merely provide a poor approximation of
a case’s utility regarding a specific query. However, knowledge-poor similarity measures have
been frequently used in many CBR applications developed during the past years. On the one
hand, this is due to the fact that they inhere the advantage to be easily definable, i.e. the
knowledge engineering effort is comparatively low. On the other hand, they lead to sufficiently
correct retrieval results in many application areas – especially in rather simply structured
domains.

However, intending to apply a case-based approach to domains that are structured more
complicated, the use of more sophisticated similarity measures that consider as much domain
knowledge as possible is inevitable. Furthermore, the use of those knowledge-intensive simi-
larity measures may lead to even better problem solving capabilities in application fields, in
which CBR has already been employed successfully. Unfortunately, the definition of knowledge-
intensive similarity measures reconstitutes the knowledge acquisition problem, which ought to
be avoided or at least attenuated by the use of Case-Based Reasoning. Their accurate defini-
tion in general requires a skilled domain expert providing the mandatory knowledge manually
– which is of course a time-consuming and expensive process.

In Table 2.1 the characteristics of knowledge-poor and knowledge-intensive similarity mea-
sures are opposed to each other. The framework for learning similarity measures primarily
targets to overcome the problems of knowledge-intensive similarity measures that are empha-
sised in the lower two lines of the right column of Table 2.1.

1This kind of case representation is the one used most commonly. Thus, in the scope of this work we assume
an attribute-value based representation of cases.
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Characteristic kpSM kiSM
similarity assessment syntactical comparison semantical comparison
paradigm
knowledge contained none much
quality of retrieval sufficient in simply-struc- high
results tured domains, poor in

more complicated ones
representation formalism arbitrary (both types of similarity measures may

employ the same formalisms)
modelling method usage of default complex task,

measures, setting performed manually,
of a few parameters reliant on human experts

modelling effort low high

Table 2.1: Comparison Between Knowledge-Poor and Knowledge-Intensive Similarity Mea-
sures

2.2 Settling Similarity

As pointed out in the previous section, determining similarity measures that approximate the
respective domain’s underlying utility function as good as possible is a crucial task, when
developing a CBR application. In this section we want to describe two contrary approaches
to defining similarity measures. Before, we review common representation mechanisms for
similarity measures.

2.2.1 Representation Mechanisms

For the attribute-value based case representation that we are assuming here similarity measures
are usually modelled according to the so-called local-global principle. This principle allows to
disassemble the overall similarity calculation into several parts corresponding to the elements
of the case representation.

• First, for each attribute of a case exists a local similarity measure computing the local
similarity between the case’s and the query’s value for the respective attribute.

• Second, each attribute is assigned a feature weight (also called attribute weight) that
determines the respective attribute’s importance regarding the approximation of the
case’s utility for the given query.

• The third part of this similarity measure definition method represents an amalgama-
tion function which combines the local similarities with the feature weights to output a
similarity value within [0; 1] (cf. Definition 2.1). Although several realisations of that
amalgamation function are imaginable, in practise mostly a weighted average of the local
similarity values is used.

Definition 2.2 (Local Similarity Measure, Feature Weight)
Given an attribute A and a type TA, a local similarity measure for A is defined as a
function: simA : TA × TA → [0; 1].

7
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Moreover, attribute A is associated with a feature weight wA ∈ R+ that reflects A’s relative
importance compared to other attributes.

In general, the representation of local similarity measures depends on the data type of the
corresponding attribute on a grand scale. The two mostly used types are numeric types, like
Integer or Real, and symbolic types, like unordered/ordered symbols or taxonomies. Two basic
representation formalisms that can be used to represent local similarity measures for numeric
and symbolic types are due to the following definitions:

Definition 2.3 (Similarity Function)
Let A be a numeric attribute with a value range of DA = [Amin, Amax]. Under a similarity
function for DA we understand a function

simA : [(Amin −Amax), (Amax −Amin)] → [0; 1]

that computes a similarity value out of the interval [0; 1] based on the difference between the
case’s value c and the query’s value q of A.

Definition 2.4 (Similarity Table)
Let A be a symbolic attribute with a list of allowed values DA = (d1, d2, . . . , dn). A n×n-matrix
with entries xi,j ∈ [0; 1] that represent the similarity between the query’s value q = di and the
case’s value c = dj is called a similarity table for DA.

There are other methods for defining similarity measures as well. For example, Richter
(2001) speaks about the assignment of class-specific weights and Ricci and Avesani (1995)
learn and use case-specific weights to reduce the size of the case base and to speed up the
retrieval.

However, similarity measures modelled after the local-global-principle as introduced above,
have reached a broad dispersion due to their modelling power. Therefore, the framework for
learning similarity measures FLSM described here also works with similarity measures modelled
after the local-global principle. Hence, FLSM might take up the optimisation of similarity
measures at each of the three components of this similarity representation as listed above. In
fact, up to now the functionality provided by FLSM covers the learning of attribute weights as
well as the optimisation of local similarity measures (see Section 2.3), while the amalgamation
function according to Definition 2.5 remains unchanged.

Definition 2.5 (Global Similarity Measure, Weighted Average Amalgamation)
Let cases be characterised by n attributes A1, . . . , An, for which local similarity measures simAi

are defined. Further, be (w1, . . . , wn) with wi ∈ R+, a vector of corresponding feature weights.
Then, the weighted average amalgamation function computes the similarity between two
cases c1 and c2 after

Sim(c1, c2) =
∑n

i=1 wi · simAi(c1.Ai, c2.Ai)∑n
i=1 wi

In contrast to many other works we do not assume the feature weights to be normalised,
i.e. we do not presume that it holds

∑n
i=1 = 1. The abandonment of that property results

in a number of benefits for the implementation of feature weight individuals within FLSM’s
evolutionary algorithm (see Section 2.4.2). Yet, through the denominator a normalisation is
contained in the definition of Sim anyway, so that it always holds Sim(c1, c2) ∈ [0; 1].
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2.2.2 Usage of Default Similarity Measures

Apart from defining sophisticated similarity measures – no matter in which way – a user of
a CBR system may also employ so-called default measures. Without any doubt those can be
characterised as knowledge-poor similarity measure, since no knowledge engineering effort is
required prior to their usage. Consequently, they bear all the advantages and disadvantages
described in the previous section.

Though it is possible to construct more complex similarity measures, many commercial CBR
tools are able to use some kind of default measures by default. Since we will use the quality
of a retrieval achieved by employing default measures as a reference value in the scope of this
work, we give an accurate definition of default similarity measures (see also Figure 2.2).

Definition 2.6 (Default Similarity Measures)
The default similarity function for a numeric attribute N , is defined as:

simN,default : [(nmin − nmax), (nmax − nmin)]2 → [0; 1]
(q, c) 7→ 1− |q−c|

nmax−nmin

The default similarity table for a symbolic attribute S, is defined as:

simS,default : DS ×DS → [0; 1]

(q, c) 7→

{
1 if q = c

0 else

The default similarity measure Simdefault for a specific application domain is assembled
by default similarity functions and tables, depending on the type of the respective attribute,
as local similarity measures and attribute weights set to 1 for each wi, while employing the
weighted average amalgamation function to compute the global similarity.

2.2.3 Bottom-Up Approach

The bottom-up approach to defining similarity measures represents so to speak the conven-
tional way to perform that task. Commercial CBR tools (for a detailed evaluation of several
tools see (Althoff, 1997)) dispose of complex and powerful mechanisms, in particular also of
appropriate graphical tools, to model similarity measures. With their help human experts may
define similarity measures according to their needs and understanding of the domain, respec-
tively: They decide for appropriate local similarity measures, tune their parameters, assign
feature weights to the attributes and choose a suitable amalgamation function.

In the upper part of Figure 2.2 we show two examples of local similarity measures that are
defined manually and that might be used in a product recommendation system for personal
computers. The first measure is a similarity table for the symbolic attribute RAMType, the
second for the numeric attribute CPUClock. Both measures are supposed to estimate the utility
of the technical properties of a given PC with respect to a user’s requirements. In the lower part
of the figure we contrast the default similarity measures for the respective types. Obviously,
the upper, knowledge-intensive measures contain more domain knowledge. For example, the
measure for attribute CPUClock “knows” that a customer will probably be satisfied, if he/she
gets an even faster PC than desired (provided that other properties continue to match his/her
demands), since it assigns a similarity value of 1.0, if a PC’s clock rate is higher than the one
specified in the query (q < c).
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Figure 2.2: Knowledge-Intensive Local Similarity Measures and Default Measures

But who is considered to be a “human expert” defining a CBR system’s similarity measure
manually? On the one hand, this catchphrase could mean a knowledge engineer who is familiar
with the characteristics and methods of CBR and who also knows how to define accurate
similarity measures. On the other hand, it could be interpreted as referring to a domain expert,
who fully understands the application domain at hand, knows exactly about its peculiarities
and who is able to estimate which cases would be useful for a given query. However, each of
those imaginary experts does not know much about the area of expertise of his/her counterpart.

That fact is a primary reason for some of the disadvantages of the bottom-up approach to
defining similarity measures:

• A domain expert often finds it difficult to formalise his/her domain knowledge to make it
usable for the definition of appropriate similarity measures. A CBR expert, on the other
hand, cannot define a similarity measure without knowledge about the underlying utility
function. Therefore, the problem of defining similarity measures manually bottom-up
induces a communication problem between two experts of two different fields.

• The bottom-up procedure is a very time-consuming and, consequently, very expensive
task.

• In complex application domains it is impossible to estimate the influence of each attribute
and/or the influence of a single parameter of a measure sufficiently due to the lack of
reasonable domain knowledge. Despite that a domain expert may be able to estimate
the utility of a case as a whole for a specific query.

• Usually the quality of the similarity measure defined completely manually in a bottom-
up manner is not validated in a systematic way. System users as well as experts often
tend to blindly trust the retrieval results with their corresponding exact similarity values
returned by a CBR application.

2.2.4 Top-Down Approach

An alternative strategy for defining knowledge-intensive similarity measures, that uses a Ma-
chine Learning approach, has been introduced by Stahl (2002). Opposed to the bottom-up
approach of defining similarity measures manually as described in the previous section, this
technique is called top-down approach. Its basic idea is to acquire only top-level knowledge
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Figure 2.3: Top-Down Approach to Defining Similarity Measures

about the utility of cases for some set of problem situations. The low-level knowledge, with
the help of which the accurate similarity measure is defined, shall be obtained by employing
machine learning techniques.

In Figure 2.3 we illustrate the basic ideas of the top-down approach. Obviously, the approach
is based on four key elements:

• The first key element is the concept of the so-called similarity teacher, who or which2

is able to give feedback about the utility of cases for a specific problem situation. The
teacher possesses the knowledge about the correct case order that should be returned
by the CBR system for a given query – we call that knowledge utility feedback. Of
course, the teacher does not necessarily have to give feedback about the utility of all
cases contained in the case base, sometimes even information about a single case may
be useful, for example, in an e-commerce scenario where the user does not buy the most
similar product, but another one contained in the retrieval result.

• Second, a CBR system is part of the top-down scenario. Its functionality is used to
acquire retrieval results for given queries on the basis of different similarity measures.

• Furthermore, an error function that computes the “difference” between the retrieval
result based on the similarity measure used currently and the utility feedback given
by the similarity teacher plays a major role. Several definitions for the error function
are possible, the question which one to use for a particular learning task depends on
the application scenario, on the amount of available training data, as well as on the
circumstantiality of the utility feedback the similarity teacher gives (see Sections 2.3.2
and 3.3).

• The fourth key element (not shown in Figure 2.3) is represented by the learning algorithm
whose task is to minimise the error function by modifying the similarity measure to be
used.

2The similarity teacher can be represented by either a human expert or by some kind of software module
disposing of the necessary knowledge.
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Generally, the actual learning task, i.e. minimising the value of the error function by mak-
ing use of other, optimised similarity measures, may be performed by any accurate learning
algorithm. Within in the learning framework FLSM the focus (concerning the algorithmic
realisation) is laid on a gradient descent approach and especially on evolutionary algorithms
to perform that task.

The top-down approach of defining similarity measures can easily be integrated into the
process model commonly accepted for Case-Based Reasoning. The CBR cycle, as introduced
by Aamodt and Plaza (1994), may be refined so that it includes the functionality that is
required to learn similarity measures from utility feedback (Stahl, 2003).

2.3 Realisation of the Learning Framework

As already described, FLSM assumes a similarity teacher that is able to provide high-level
knowledge in a specific form about the utility of cases. Then, it is the goal of an appropriate
learning procedure to construct a similarity measure that approximates the cases’ utilities for
all (or at least for most) queries as good as possible. In this section we introduce the necessary
concepts and formalisations that are mandatory for learning similarity measures from utility
feedback. Furthermore, we focus on the general learning scenario that is realised by FLSM.

2.3.1 Training Data

Utility feedback can be understood as a function u that is only partially known. The only
available information about that function comes from the similarity teacher having some im-
plicit knowledge of u. Moreover, utility feedback always refers to one single query q, that way
stating how the “correct” retrieval result (at least in part) should look like, when accomplishing
a retrieval for q.

Definition 2.7 (Training Example)
For a query q, a case base CB and a utility function u, implicitly given by the similarity
teacher, a training example is defined as an ordered set

TEu(q) = [(c1, u(q, c1)), (c2, u(q, c2)), . . . , (cf , u(q, cf ))]

where f is the number of cases for which feedback is given. For each i ∈ {1, . . . , f} it holds:

• ci ∈ CB

• u(q, ci) ≥ 0

• u(q, ci) ≥ u(q, cj) for all j > i

FLSM distinguishes between two types of utility feedback, cardinal and ordinal feedback.
For the first type it holds u(q, ci) ∈ [0; 1] for all i ∈ {1, . . . , n}. In the latter case, however,
u(q, ci) ∈ N is used as an index only, determining the (partial or complete) correct case order.

For the learning algorithm, whose task is to approximate the utility function, it is insuf-
ficient to get information about one point of the problem space, i.e. for one single query q
only. Instead, learning must be based on a larger set of training examples in order to obtain
reasonable learning results. This leads to the following definition.
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Definition 2.8 (Training Data) Given a set of queries Q = {q1, . . . , qs}, a case base CB
and a utility function u, a set of training examples TEu(qi)

TDu(Q) = {TEu(q1), . . . , TEu(qn)}

is called training data.

2.3.2 Error Functions

The basic idea of defining similarity measures in a top-down manner (see Section 2.2.4) is
to minimise the deviation of the retrieval result that can be obtained, when carrying out a
retrieval based on a specific similarity measure, and the (partially known) correct case order
as given by the training data (based on the similarity teacher’s utility feedback). So, a simple
training example can be considered as a partial definition of an optimal retrieval result, i.e.
the cases in a retrieval result based on an optimised similarity measure should be in the same
order as they are in the training example.

In order to enable a learning algorithm to minimise the deviation mentioned above, an
adequate definition of an error function is indispensable, measuring that deviation and thus
expressing the quality of the respective retrieval result and, therewith, of the corresponding
similarity measure that lead to the retrieval result.

Here, we give a simplified3 definition of an error function performing that task. Its objec-
tive is the computation of an error value measuring the differences between a retrieval result
determined by the similarity measure at hand and a training example based on the feedback
of the similarity teacher.

Definition 2.9 (Ordinal Error Unit)
Let q be a query, TEu(q) be the corresponding training example, where (ci, u(q, ci)), (cj , u(q, cj)) ∈
TEu(q). Further, let Sim be a similarity measure. An ordinal error unit for cases ci and
cj (i 6= j) is defined as

euo(TEu(q), Sim, (ci, cj)) =

{
1 if Sim(q, ci) < Sim(q, cj) and u(q, ci) ≥ u(q, cj)
0 else

With the help of the definition of an error unit, we can define the desired error function:

Definition 2.10 (Index Error)
For a similarity measure Sim, a query q and a corresponding training example TEu(q), the
index error is defined as

EI(TEu(q), Sim) =
f−1∑
i=1

f∑
j=i+1

euo(TEu(q), Sim, (ci, cj)) ·
i + α

i

where i+α
i is called error-position weight to be influenced by the parameter α. f represents the

number of cases for which feedback is contained in the training example.

3Simplified with respect to the “Ordinal Evaluation Function” as defined by Stahl (2003).
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Since the index error refers to the quality of a retrieval for one single query only, we need
an extended definition, allowing the evaluation of an entire training data set:

Definition 2.11 (Average Index Error)
Given a set of training queries Q = {q1, . . . , qs}, corresponding training data TDu(Q) =
{TEu(q1), . . . , TEu(qs)} and a similarity measure Sim, the average index error induced
by Sim with respect to Q is defined as

ÊI(TDu(Q), Sim) =
1
s
·

s∑
i=1

Ei(TEu(qi), Sim)

The average index error represents a measure that is able to reflect the quality of a number
of retrieval results based on a specific similarity measure Sim and some set of training queries
Q. The term “quality” here refers to the degree to which the retrieval results accord to the
utility feedback specified by the similarity teacher.

The error functions given here make use of ordinal case order information contained in a
training example only. We will describe an extension facilitating the employment of cardinal
feedback, too, in Section 3.3. There, we will focus on the concept of solution similarity (see
also (Stahl and Schmitt, 2002)) as well as on classification domains, aiming at a broader
applicability of FLSM.

2.3.3 Implementing the Framework

In this section we want to shortly review FLSM’s realisation of the approach to improve simi-
larity measures with the help of the training data defined in the previous section, whereas in
the following section we will focus in depth on the machine learning algorithms performing
that task.

Motivation

The learning process can be considered as a compilation process that transfers knowledge from
the training data into the similarity measures. To stress the possible advantages of optimising
similarity measures, we want to present an exemplary application scenario.

Assume a case-based product recommendation system for personal computers (e-commerce
scenario). Given a user-specified query, that system can retrieve several base products, i.e.
base PCs, that match the query best. Moreover, the system disposes of a set of adaptation
rules with which the base PCs may be customised with respect to the query. For instance,
a bigger hard-disc may be installed or a CD drive may be exchanged for a DVD-CD combo
drive.

Concerning the similarity measures used in this scenario it is important to note, that when a
CBR system provides possibilities of case adaptation, it is in general insufficient, if the system
just retrieves those cases that match the query best. Instead, to obtain reasonable, high-quality
retrieval results, the similarity measure has to pay attention to the adaptability of cases, too.
Hence, a transfer or compilation process, respectively, that carries forward knowledge from
the adaptation container (see Section 2.1) to the retrieval knowledge container is needed, as
shown in Figure 2.4.
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Figure 2.4: Knowledge Compilation: From the Adaptation to the Retrieval Container

What is the advantage of that knowledge transfer? One might argue that the system can
apply adaptation to all of its retrieved cases and that way – so to say in a brute force manner
– determine the case that has the highest utility with respect to the current query after having
been adapted. However, case adaptation is in general a rather time-consuming task. Assuming
an e-commerce scenario with hundreds or thousands of cases (base products), the process of
applying case adaptation to all of them in order to find the most useful one, may take quite
a long time. During that time, which the visitor of the respective web shop perceives as an
annoying delay, the user may get frustrated waiting for his/her search result and leave the web
site.

Apparently, an improved similarity measure in this scenario would rank those cases higher,
i.e. among the top cases, in the retrieval result which have the highest utility after having been
adapted. As a result, then it is sufficient to apply case adaptation to only a few cases of the
retrieval result returned – in the best case only to the retrieval result’s top case. Accordingly,
the time needed for case adaptation and thus to find the really most useful case for the query
at hand can be decreased drastically.

For a more detailed description of this application scenario and of the procedure to create
appropriate training data sets, i.e. the extraction of knowledge from the adaptation knowledge
container into a set of training examples (see Figure 2.4), the reader is referred to Stahl (2002).

The General Learning Scenario

The realisation of the learning process, as illustrated in Figure 2.5, can roughly be divided
into two parts. The first part is represented by the similarity teacher already introduced, with
which the mandatory training data is created. We assume that it has some implicit knowledge
about the utility of one or more cases for a specific query (utility feedback). The queries
for which the training examples are built may be generated by the similarity teacher as well
or may be provided by the application environment. Depending on the application domain
and on the realisation of the similarity teacher it might be necessary that a similarity-based
retrieval has to be carried out in order to enable the teacher to give feedback – if not, then the
similarity teacher must have access to the cases in the case base, at least (gray, dashed arrow).
The result of the similarity teacher’s feedback is a training data set consisting of one training
example for each query.

The second key part is depicted by the concept of the similarity learner. Provided with
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Figure 2.5: The General Learning Scenario

a set of training examples, the learner tries to minimise the deviation between the correct
case orders (partial orders) contained in the training examples and the case orders that arise
when the CBR system carries out a retrieval based on some similarity measure. It does so by
modifying the similarity measure, that is used by the CBR system, according to some strategy.
The accurate learning algorithms used for changing the similarity measures are described in
detail in Section 2.4.

The informal term “deviation” used above, here, of course refers to the value of an appro-
priate error function that shall be minimised, e.g. the average index error as formally defined
in Definition 2.11. Consequently, the quality (with respect to the utility function implicitly
given by the similarity teacher) of the similarity measure, and so the quality of the retrieval
results it returns, is supposed to increase.

Optimisation Loop

The optimisation procedure yielding to improve the similarity measure can according to Stahl
(2003) be divided into the following steps.

1. Initiate Retrievals
Based on the current similarity measure a retrieval for each query contained in the
training data is carried out.

2. Evaluate Similarity Measure
The retrieval results obtained in Step 1 are compared to the (partially known) correct
retrieval results as contained in the training data. That means, with help of the error
function used, the quality of the currently considered similarity measure is evaluated.

3. Check Stop Criterion
Implemented as an optimisation loop, the learning process may stop, if a certain quality
of the similarity measure has been reached (e.g. the value of the error function falls
below a certain threshold) or if it has run for a specified time (e.g. a maximal number
of modifications has been applied to the similarity measure used).
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4. Modify Measure
If the stop criterion is false, the current similarity measure needs further modifications
improving its quality with respect to the training data. The respective software com-
ponent performing the modifications my also employ information about the measure’s
structure as well as information about the error function to guide the modification pro-
cess.

After having introduced FLSM’s optimisation loop to learn similarity measures, we now can
integrate the main subject of this thesis into that loop: We intend to change and enhance
the optimisation loop’s fourth step by the means of incorporating background knowledge so
that we enable FLSM to achieve better quality improvements or the same improvements in a
shorter time (stop criterion becomes true earlier) or with a smaller amount of training data,
respectively.

In Figure 2.6 we show an illustration of that enhanced optimisation loop. In particular, the
modification of the current similarity measure shall be based on several kinds of additional
knowledge – the questions on what kind of knowledge to use4 and on how to acquire that
background knowledge will be discussed later.
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Figure 2.6: Optimisation Loop – Enhanced by Background Knowledge

2.4 Learning Algorithms

As denoted in the previous section, the crucial element within the general learning scenario
performing the modification of similarity measures is represented by the similarity learner. The
framework for learning similarity measures FLSM focuses on three different types of learning
algorithms to be used as similarity learner.

On the one hand, it employs a gradient descent approach to learn the similarity measure’s
global attribute weights. This technique makes use of information about the shape of the error

4Information on the shape of the error function, as already employed by FLSM can also be interpreted as
additional knowledge guiding the learning process.
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function’s gradient in order to direct the search into regions of the search space that promise
to feature smaller values of the error function.

On the other hand, it makes use of a standard genetic algorithm (see also Section 2.4.1) to
learn the attribute weights.

Third, FLSM suggests the usage of evolution strategies (ES). With the help of that learning
strategy it facilitates not only the learning of feature weights, but also the learning of local
similarity measures. In the scope of this work we will only concentrate on the latter learning
technique due to the following reasons:

• The application of evolution strategies allows the optimisation of more than one element
of the similarity measure representation (not restricted to feature weights). Though
currently only implemented to learn attribute weights and local similarity measures,
FLSM may be easily extended to also change and improve the amalgamation function
(see Definition 2.5) as the third part of the similarity measure representation formalism.

• While the gradient descent approach already incorporates some kind of background
knowledge – it uses information on the error function’s shape to steer the search pro-
cess –, evolutionary algorithms are more reliant on improvements occurring by chance.
Hence, the idea of incorporating background knowledge to improve the learning process
seems to be very promising, when applied to evolution strategies.

• Although it cannot be guaranteed, evolutionary learn techniques are in general less fragile
to end up in a local minimum of the error function. In other words, learn strategies based
on the principle of evolution have proved to provide powerful and robust mechanisms for
the search for an optimum in complex search spaces.

2.4.1 Modelling Evolution

Though not knowing about the underlying genetics, Charles Darwin (Darwin, 1859) in the
middle of the 19th century already identified the basic principles of natural evolution:

• the reproduction cycle

• the natural selection

• the diversity by variation

In Figure 2.7 we present an abstraction of the generational loop as implemented in FLSM.
Apparently, all of Darwin’s principles of evolution have found entrance into FLSM as well.

After an initial population has been created and evaluated (we will specify what the indi-
viduals within a population are in Section 2.4.2) an evolutionary loop corresponding to the
reproduction cycle of natural evolution is entered. In its first stage a set of descendants is gen-
erated. Here, the diversity of variation is not only reached by mutations, but also by means of
bisexual reproduction. Bisexual inheritance combines the ancestors’ genomes in some way to
create offspring – mostly by setting one or more crossover points in the genome of the parents.
After the subsequent evaluation stage, a selection according to Darwin’s principle of “survival
of the fittest” takes place. Finally, a stop criterion determines whether the evolutionary process
ought to be stopped or continued.
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Figure 2.7: Evolution Strategy: Control Algorithm

Evolutionary Algorithms

According to Heitkoetter and Beasley (2001) “Evolutionary Algorithms” is an umbrella term
that is used to circumscribe computer-based problem solving systems that make use of com-
putational models of some of the known mechanisms of evolution as key elements in their
design and implementation. In Figure 2.8 the variety of evolutionary algorithms that has been
proposed over the past decades is outlined.

Of course, all these specialisations of evolutionary algorithms share a lot of commonness,
many base principles are the same for each kind of EA – they are search algorithms based on
the mechanics of natural selection, natural genetics, and the principle of the “survival of the
fittest”. Nevertheless, there are several differences, too, making each form of EA unique.

Genetic Algorithms (GA) represent a model of Machine Learning that derives its behaviour
from some of the mechanisms of evolution in nature. Here, a population of individuals repre-
sented by their chromosomes is maintained, essentially a set of bit strings. Those individuals
go through a process of simulated evolution, using crossover and mutation to create offspring.

Evolutionary Programming (EP) is a stochastic optimisation strategy similar to GAs. How-
ever, its main focus is placed on the behavioural linkage between parents and offspring, instead
of seeking to emulate specific genetic operators as observed in nature.

EA
(Evolutionary Algorithms)

GA
(Genetic

Algorithms)

EP
(Evolutionary
Programming)

ES
(Evolution 
Strategies)

CFS
(Classifier
Systems)

GP
(Genetic

Programming)

Figure 2.8: Variety of Evolutionary Algorithms

Classifier Systems (CFS) can be characterised as an offspring of John Holland’s basal book
on “Adaptation in Natural and Artificial Systems” (Holland, 1975). They can be seen as one
of the early applications of GAs. One basic property of this type of evolutionary algorithms
is that they adapt their behaviour toward a changing environment.
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Genetic Programming (GP) depicts an extension to the genetic model of learning into the
space of computer programs. Thus, the objects that constitute the population are not in-
dividuals composed of chromosomes that encode possible solutions to the problem at hand,
they are programs themselves, which (when being executed) are the candidate solutions to the
problem.

The evolutionary learning algorithms used by FLSM can be best classified as an evolution
strategy (ES)5. Michalewicz (1996) refers to evolution strategies also as “evolution programs”.
The basic idea here is to use more sophisticated data structures (very often real numbers)
as elements of an individual’s genome and to apply specialised genetic operators for offspring
creation, while still exploiting the evolutionary principle of (standard) genetic algorithms. An
obvious advantage of using ES is that they allow to optimise the original data structures
directly, so that a complex mapping to or from bit strings, respectively, is excrescent. In the
following paragraphs we want to take a closer look at evolution strategies and on how they
are used within FLSM. For more details on the basics and several applications of evolution
strategies the reader is referred to Kursawe (1993), Michalewicz (1996) and Schwefel (1977).

Evolution Strategies

It is a main characteristic of evolution strategies to model evolution at the level of phenotypes –
in contrast to, for instance, genetic algorithms which model evolution at the level of genotypes.
As described, thereby the advantage arises that a mapping to or from genetic information
strings is not necessary.

Another important feature of ES is the ability to encode (and optimise as well) so-called
strategic parameters. Those mainly influence the behaviour of the mutation operators, they
may change their reach, their orientation6 or their frequency of use. That way the evolution
strategy is equipped with a self-adapting mechanism that to some extent models the envi-
ronment and corresponds to the speed or to changes in the evolutionary development of a
population. As a consequence, descendants with a better internal model, i.e. with a better set
of strategic parameters, have an advantage regarding fitness and selection. Thus, the search
for even fitter individuals may be accelerated. In FLSM, however, the optimisation of strategic
parameters has been neglected so far, i.e. a deterministic model of the environment has been
employed.

Natural selection – as the second of Darwin’s principles – is a pure random process. However,
in the past many modelers were misled to model selection as mating selection only (Schwefel
and Baeck, 1998): The fitter individuals produce more offspring than the less fit ones. So, EP
as well as GA mostly model the environmental selection by means of “tournaments” between
old and new individuals (parents and offspring). Evolution strategies, on the other hand, follow
a different selection paradigm. In Section 2.4.3 we focus on aspects that characterise FLSM as
an evolution strategy. There we will also describe FLSM’s selection strategy.

2.4.2 Representing Individuals

Obviously, for FLSM the individuals to be maintained in a population for an evolution strategy
have to correspond to similarity measures. So, we need to find an appropriate representation

5Note, that FLSM is also capable of using a standard genetic algorithm to learn the feature weights.
6Here, reach refers to the distance covered by the mutations, and orientation means the direction into which

the mutation changes an individual.
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for attribute weights as well as an appropriate representation for local similarity measures as
individuals. In this section we want to show, that we can define an adequate representation as
individuals for both elements of similarity measures, to be used within an evolutionary process.

In standard genetic algorithms individuals are commonly represented as bit strings – lists of
0s and 1s – to which evolutionary operators, such as crossover or mutation, are applied. One
drawback of that representation is the difficulty to incorporate constraints on the solution that
a single individual stands for. Since it is one main goal of this work to improve the process
of optimising similarity measures by incorporating additional knowledge during learning, it
is crucial that constraints on possible solutions can be processed easily. Moreover, the cal-
culation of the similarity between a query and a case (as depicted in Section 2.2) is mainly
based on real-valued numbers. Apparently, if we had used a standard genetic algorithm with
individuals represented as bit strings, a complex mapping from and to real numbers would
have been indispensable. For these reasons FLSM employs an evolution strategy that makes
use of “richer” data structures and applies appropriate genetic operators.

Representing Local Similarity Measures

In order to be able to learn local similarity measures as defined in Definition 2.3 and 2.4, i.e.
similarity functions and tables, we have to settle how to represent the respective individu-
als. Further, we need a formalism that maps those individuals, as used in the evolutionary
algorithm, to a local similarity measure.

Consider an arbitrary distance-based similarity function simA. Since simA is continuous in
its value range DA it is generally not possible to describe it with a finite number of param-
eters (in certain cases that may be possible, but in general it is not). Thus, we employ an
approximation, using piecewise linear functions based on a number of sampling points:

Definition 2.12 (Similarity Function Individual, Similarity Vector)
An individual I representing a similarity function simA for the numeric attribute A is coded
as a vector V I

A of fixed size s. The elements of that similarity vector are interpreted as
sampling points of simA, between which the similarity function is linearly interpolated. Ac-
cordingly, it holds for all i ∈ {1, . . . , s}: vI

i = (V I
A)i ∈ [0, 1].

The space of all similarity function individuals is denoted by V.

sampling (s=7)

“Target“ Similarity Measure

c-q c-q

Representation as Individual Approximated Similarity Measure

c-q

Sampled Similarity Measure

usage
index

1
2
3
4
5
6
7

sim value
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1.0
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0.2

0.05
0.0
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Figure 2.9: Representation of Similarity Vectors as Individuals

The sampling points are distributed equidistantly over the value range DA = [(Amin −
Amax), (Amax−Amin)] of attribute A. Figure 2.9 illustrates how a local similarity measure for
a numeric attribute is modelled. The length s of the similarity vector may be chosen due to
the demands of the application domain: The more elements V I

A contains, the more accurate
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the approximation of the corresponding similarity function, but on the other hand the higher
the computational effort.

Similarity tables, as the second type of local similarity measures of concern, are represented
as matrices of floating point numbers within the interval [0, 1]:

Definition 2.13 (Similarity Table Individual, Similarity Matrix)
An individual I representing a similarity table for a symbolic attribute A with a list of allowed
values DA = (d1, d2, . . . , dn) is a n×n-matrix M I

A with entries mI
ij = (M I

A)ij ∈ [0, 1] for all
i, j ∈ {1, . . . , n}.

The space of all similarity table individuals is denoted by M.

This definition corresponds to the representation of similarity tables (see Definition 2.4), i.e.
the original representation of this type of local similarity measure is used without modification
by the evolution strategy. Hence, Definition 2.13 is only required to introduce the necessary
notation.

Representing Weights

Although FLSM also disposes of a standard genetic algorithm to learn the feature weights
and thus uses a bit string representation for the weights, the usage of an evolution strategy
allows us to represent the attribute weights as a vector of real numbers. Both representa-
tions are somehow analogous, the latter one, however, is more fine-grained because no weight
discretisation due to the bit string representation is necessary.

Definition 2.14 (Feature Weight Individual, Weight Vector)
Let the cases be characterised by n attributes A1, . . . , An. Given a global weight vector ~w =
(w1, . . . , wn), an individual I representing ~w is coded as a vector V I

~w of real numbers from the
interval [0; 1], i.e. V I

~w = (vI
1 , . . . , v

I
n), where

vI
i =

wi

maxj∈{1,...,n}{wj}

The space of all feature weight individuals is denoted by the symbol W.

That definition reveals that the representation of feature weights as individuals is essentially
the same as the representation used for distance-based similarity functions, namely a vector
of real numbers. We have introduced feature weights to be positive real numbers (see Defini-
tion 2.2). When creating a corresponding individual from a vector ~w of feature weights, the
division of each weight wi through the maximum weight within that weight vector creates a
“normalised” weight vector whose entries are all from the interval [0; 1]. Although the entries
of those vectors are interpreted differently for similarity function individuals and feature weight
individuals, respectively, the specialised genetic operators we describe in the following section
are exactly the same for both kinds of individuals.

2.4.3 FLSM as Evolution Strategy

In this section we want to focus on the specifics of evolution strategies. We intend to show
why the evolutionary algorithm used by FLSM has to be classified as an evolution strategy,
and which ES-specific settings we employ.
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2.4 Learning Algorithms

The (µ, κ, λ, ρ) Evolution Strategy

We want to emphasise that many, usually specialised versions of evolution strategies exist and
have been applied successfully. An overview may be found in T. Baeck (1997).

The (µ, κ, λ, ρ) strategy (Schwefel and Baeck, 1998) represents an extension of the (µ + λ)
strategy introduced by Schwefel (1981). The symbol µ denotes the number of individuals (and
thus possible parents), appearing at a time in a population, and can be equated with the
size of the population. The symbol λ stands for the number of all offspring created within
one (synchronised) generation. In the µ + λ strategy the λ offspring and the µ individuals
of the preceding generation are united, before – according to a given criterion – the µ fittest
individuals are selected from this set of size µ + λ.

The µ + λ strategy implies that each parent may live eternally, if no child achieves a better
or at least the same quality. The (µ, κ, λ, ρ) strategy introduces a maximal life span of κ ≥ 1
reproduction cycles (iterations) for the individuals. Moreover, that strategy allows a free
number ρ of parents to be involved in a reproduction. FLSM confines itself on selecting no
more than two parents to be involved in a reproduction (ρ ≤ 2): In the case of reproducing
via reproducing mutation FLSM randomly picks one parent and in the case of breeding via one
of the crossover operators (see Section 2.4.4) it randomly chooses two individuals as ancestors
and creates exactly one descendant.

Formally, the (µ, κ, λ, ρ) evolution strategy is defined as a 19-tuple (according to Schwefel
and Baeck (1998)):

(µ, κ, λ, ρ)ES := (P (0), µ, κ, λ, rec, pr, ρ, γ, ω,mut, pm, τ, τ0, δ, β, sel, ζ, t, ε) (2.1)

Formalising ES Parameters

The objective function, in the context of evolutionary algorithms often also called fitness
function, shall be denoted by f(I), where I stands for an individual. How to assign appropriate
fitness values to individuals is described in Section 2.4.5.

Definition 2.15 (Optimisation Problem)
Let I = {V, M, W} ⊂ [0; 1]n the space of all producible individuals in the context of similarity
measure optimisation. Further, be f(I) the objective function assessing the fitness of indi-
vidual I. Then, the optimisation problem to be solved by the evolution strategy is defined
as follows:

optimise{f(I)|I ∈ I}

In the following, we want to discuss in short how we implemented, slightly changed (w.r.t.
their original definition) or extended each of the 19 elements, specified in Equation 2.1, thereby
not focusing on the respective notion in detail.

a) Start Population P (0) The start population, that is used for the optimisation of a par-
ticular part of the entire similarity measure (e.g. a population for a local similarity measure)
is represented by a set of µ corresponding individuals, that are generated randomly. Thus, it
holds: P (0) = (I1, . . . , Iµ) ∈ Iµ.
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2 Learning Similarity Measures

b) Main Parameters µ, λ, κ, ρ As already mentioned, µ stands for the number of individuals
within a population, λ for the number of offspring created per generation and ρ for the number
of individuals that is (maximally) allowed to partake in a reproduction.

Concerning the life span κ that is assigned to an individual, FLSM follows a dynamic strategy
(Michalewicz, 1996): It specifies two thresholds, κmin and κmax (with κmin ≤ κmax), that
correspond to the minimal and to the maximal lifetime that can be allocated to an individual.
Based on these thresholds, on its lifetime assignment policy and on the individual’s fitness,
FLSM determines an adequate lifetime value κ.

We distinguish between proportional lifetime allocation policy and linear lifetime allocation
policy. The former computes κ for an individual I according to

κ :=
f(I)

2 · favg
· (κmin − κmax) + κmax (2.2)

and the latter one according to

κ :=
f(I)− fbest

fworst − fbest
· (κmin − κmax) + κmax (2.3)

At this, fworst and fbest correspond to the fitness of the most unfit and fittest individual
in the current population, respectively. favg stands for the average fitness of all individuals
in the population: favg := 1

µ ·
∑

I∈P f(I). Note, that a very non-uniform distribution of
f(I) over the interval [fbest, fworst] might impair the linear lifetime allocation policy. If an
uneven distribution distorted the lifetime allocation too much (we did not encounter that case
during testing), an appropriate heuristic to disregard the responsible fitness outliers causing
the imbalance would have been necessary.

Moreover, it should be noted that, on the one hand, a setting of κmax = 1 results in
discarding all parents regardless of their quality. This complies with the µ, λ-selection as used
in traditional evolution strategies. On the other hand, a setting of κmin = ∞ guarantees that
parents are only to leave the population, if they are outperformed by their children, complying
with the µ + λ-selection in traditional evolution strategies.

c) Genetic Operators rec and mut Since the definition of appropriate specialised genetic
operators influences the behaviour and the capabilities of any evolutionary technique on a
grand scale, we devote a separate section to that topic. The recombination operators rec –
we will call them crossover operators – and the mutation operators mut that we designed and
implemented for FLSM are described in detail in Section 2.4.4.

d) Parameters for Genetic Operators pr, pm, γ and ω The first two parameters represent
vectors of probabilities to influence the behaviour of the recombination and mutation operators.
While ω is responsible for selecting a specific type of recombination operator, γ determines the
number of crossover sites in a chromosome. Our implementation does not make use of those
parameters explicitly, instead in Section 2.4.4 we point out by which means the behaviour of
genetic operators is influenced and by which probabilities they are chosen.

e) Strategic Parameters τ , τ0, δ and β As already pointed out, FLSM desists from using
and optimising strategic parameters.
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f) Selection Criterion sel and Tournament Participators ζ The selection operator sel :
Iµ+λ → Iµ implemented in FLSM first creates the union P̂ (T ) of the current population P (T )

and the λ offspring created via applying crossover and mutation operators. Then, the selection
operator forms the population of the next generation via P (T+1) := sel(P̂ (T )). The application
of sel selects the µ best (fittest) individuals from P̂ (T ), that still have a positive remaining
lifetime.

An alternative realisation of the selection operator – based on tournaments in which the
new individuals and their ancestors have to compete with each other over a couple of turns –
is presented by Schwefel and Baeck (1998). For that realisation the parameter ζ (number of
participators in a tournament) plays a significant role.

g) Termination Criterion t and Accuracy ε The termination criterion of FLSM may become
true, if the value of the objective function falls below a certain threshold, if the search pro-
cess has converged so that no further improvement is likely or simply if a specific amount of
computation time has been consumed (i.e. a certain number of evolutionary generations has
been processed). For the purpose of comparing sundry runs of optimisation processes using
different prerequisites we will mainly employ the last-mentioned realisation of a stop criterion.

The parameters for numeric accuracy ε is disregarded by FLSM.

2.4.4 Specialised Genetic Operators

Genetic operators are responsible for the creation of new individuals and thus have a significant
influence on the way a population develops. Using parts of the genome of two or more parent
individuals, new ones are composed. Further, random mutations can be applied to a recently
generated individual (adapting mutation) or to an existing individual in order to form a new
one (reproducing mutation). The operators used in FLSM are quite different from classical
ones since they operate in a different domain (real-valued instead of binary representation).
However, because of underlying similarities, we divide them into the two standard groups:
mutation and crossover operators.

Mutation Operators

Operators of this class are the same for all kinds of individuals (similarity function individuals,
similarity table individuals and feature weight individuals) we are dealing with. They change
one or more values of a similarity vector V I

A, weight vector V I
~w or similarity matrix M I

A accord-
ing to the respective mutation rule. Doing so, the constraint that every new value has to lie
within the interval [0, 1] is met. Since any matrix can be understood as a vector, we describe
the mutation operators’ functionality for similarity vectors (for a local similarity measure for
attribute A) only:

• Simple mutation: If V I
A = (vI

1 , . . . , v
I
s) is a similarity vector individual, then each element

vI
i has the same chance of undergoing a mutation. The result of a single application of

this operator is a changed similarity vector (vI
1 , . . . , v̂

I
j , . . . , vs), with 1 ≤ j ≤ s and v̂I

j

chosen randomly from [0, 1].

• Multivariate non-uniform mutation applies the simple mutation to several elements of
V I

A. Moreover, the alterations that are introduced to an element of that vector, become
smaller as the age of the population is increasing. The new value for vI

j is computed
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after v̂I
j = vI

j ± (1− r(1− t
T

)2), where t is the current age of the population at hand, T its
maximal age, and r a random number from [0, 1] (if v̂I

j > 1.0 or v̂I
j < 0.0, then of course

the new value for vI
j is restricted to 1.0 or 0.0, respectively). Hence, this property makes

the operator search the space more uniformly at early stages of the evolutional process
(when t is small) and rather locally at later times7.

• In-/decreasing mutation represents a specialisation of the previous operator. Sometimes
it is helpful to modify a number of neighbouring sampling points uniformly. The operator
for in-/decreasing mutation randomly picks two sampling points vI

j and vI
k and increases

or decreases the values for all vI
i with j ≤ i ≤ k by a fixed increment. Assume, the local

similarity measure for the attribute CPUClock (see Figure 2.2) as the optimisation goal
and an individual I for whose similarity vector it holds: vI

i < 0.9 for all i > s
2 . Here,

a mutation, that increases the similarity value for several neighbouring sampling points
rights of the y-axis, will bring I nearer to its optimisation goal.

Crossover Operators

Applying crossover operators, a new individual in the form of a similarity vector or matrix
is created using elements of its parents. Though there are variations of crossover operators
described that exploit an arbitrary number of parents (cf. Section 2.4.3), we rely on the
traditional approach using exactly two parental individuals, Ia and Ib.

• Simple crossover is defined in the usual way: A “split point” for the particular similarity
vector or matrix is chosen randomly. The new individual is assembled by using the first
part of the parent Ia’s similarity vector or matrix and the second part of parent Ib’s.

• Arbitrary crossover represents a kind of multi-split-point crossover with a random num-
ber of split points. Here, we decide by random chance for each component of the offspring
individual whether to use the corresponding vector or matrix element from parent Ia or
Ib.

• Arithmetical crossover is defined as the linear combination of both parent similarity
vectors or matrices. In the case of similarity matrices the offspring is generated according
to: (M Inew

A )ij = mInew
ij with mInew

ij = 1
2mIa

ij + 1
2mIb

ij for all i, j ∈ {1, . . . , d}.

• Line/row crossover is employed for similarity tables, i.e. for symbolic attributes, only.
Lines and rows in a similarity matrix contain coherent information, since their similarity
entries refer to the same query or case value, respectively. Therefore, splitting a line/row
by simple or arbitrary crossover may lead to less valuable lines/rows for the offspring
individual. So, we define line crossover as follows: For each line i ∈ {1, . . . , n} we
randomly determine individual Ia or Ib to be the parent individual Ip for that line. Then
it holds mInew

ij = m
Ip

ij for all j ∈ {1, . . . , n}. Column crossover is defined accordingly.

2.4.5 Assessing Individual Fitness

Since any kind of optimisation technique that tries to model characteristics of natural evolution
is based on the principle “survival of the fittest”, the choice of an appropriate fitness function

7The sign ± indicates, that the alteration is either additive or subtractive, the decision about that is made
randomly as well.
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is crucial. For the representation of individuals that we have chosen and introduced in Section
2.4.2 we must associate each weight vector and each local similarity measure, respectively, with
a fitness value. Intending to optimise the individuals’ fitness, our evolution strategy is then
supposed to evolve its populations of weight, similarity vector and similarity matrix individuals
to be of higher quality.

For FLSM’s evolution strategy the presumed error function defined in Definition 2.11 already
represents a convenient fitness function. The lower the average index error, the higher the
fitness of the respective individual, here a particular similarity measure. Of course, the average
index error is not the only adequate fitness function. Evolutionary algorithms do not require
fitness functions with certain properties – any error function corresponding to the retrieval
error induced by a specific similarity measure may be used to assess an individual’s fitness.
We will focus on adequate possibilities of assessing an individual’s fitness again in Section
3.3.4.

Concerning the proceeding to compute the fitness of a specific individual, we distinguish
between four successive steps (already illustrated in Figure 2.7):

1. The respective individual has to be translated to a corresponding element of the similarity
measure representation. So, for example, a similarity function individual (cf. Definition
2.12) is translated into a distance-based similarity function, whereas a feature weight
individual (cf. Definition 2.14) is translated into a vector of feature weights.

2. The weight vector or local similarity measure created in Step 1 must be exported to the
CBR tool CBR-Works8 that we are using.

3. Based on that similarity measure, a retrieval for all the queries, that are contained in
the training data at hand, is carried out.

4. The quality of the retrieval results returned is determined. That means that we anal-
yse how much these retrieval results differ from the correct retrieval result which are
contained within the training data.

As already mentioned, the error value computed that way, is used directly as the respective
individual’s fitness.

2.4.6 Sequential vs. Parallel Processing

Given a case model for a particular application domain and a set of training data, the evolu-
tionary algorithm designed and implemented in FLSM is capable of optimising two of the three
major elements of the similarity measure representation, namely the attribute weights and all
local similarity measures required for the attributes. The optimisation of the amalgamation
function, however, is neglected. Instead, always a weighted sum according to Definition 2.5 is
employed, as that function is accurate in most domains.

It is important to note, that FLSM is able to learn several local similarity measures as well
as the corresponding feature weights simultaneously. Given a set of attributes A1, . . . , An, for
which local similarity measures and weights are to be learnt, a population Pi is generated for
each attribute Ai as well as an additional population P~w of weight individuals. Thus, it is

8CBR-Works and its successor orenge are products of the knowledge management enterprise empolis, formerly
tec:inno.
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possible to optimise the entire similarity measure even in more complex domains, where the
global similarity between a case and a query is composed of several weighted local similarities.

Since the effects of feature weights and local similarity measures interact with each other,
one has to thoroughly think about possible strategies to integrate the respective optimisation
process. Stahl (2003) basically distinguishes two approaches for an integration – sequential
and parallel processing – and describes the results obtained, when comparing them with each
other using FLSM.

For sequential processing the optimisation of weights and local measures is separated. Hence,
FLSM first optimises the feature weights using fixed local measures. Afterwards the local
measures are learnt on the basis of the optimised weight vector obtained before. The order of
processing may, of course, be inverted.

Concerning the learning of local similarity measures, a sequential learning approach, that
optimises all local similarity measures one after another, seems to be a promising idea. An
advantage of that proceeding would be the opportunity to decompose the entire optimisation
process into several optimisation loops that are responsible for learning feature weights and
single local similarity measures, respectively, and that could be executed one after another.
However, the major drawback of the sequential approach is the need of some initial measure.
Optimising only one single part of the entire similarity measure, the similarity learner already
needs the remaining parts (e.g. all other local measures and an appropriate weight vector),
in order to evaluate the fitness of an individual, i.e. when computing the retrieval error (see
Section 2.4.5).

The alternative approach to learning the different elements of the similarity measure rep-
resentation is called parallel processing. Here, the evolutionary optimisation technique has to
manage meta individuals consisting of one atomic individual for the weight vector (cf. Defini-
tion 2.14) and one atomic individual for each local similarity measure (cf. Definition 2.12). The
corresponding genetic operators for meta individuals are supposed to employ the respective
atomic operators (see Section 2.4.4) for the atomic individuals involved.

Unfortunately, the usage of meta individuals leads to a very huge search space and implies
that a much higher number of evolutionary generations has to be processed in order to find an
optimum and thus to obtain satisfying results. This may lead to infeasible demands regarding
computational resources.

Due to the disadvantages of both forms of processing described above, we suggest to make use
of a mixture of them that we call round-robin processing. Here, each element of the similarity
measure representation, and hence each population that is about to be enhanced, is optimised
for a fixed and relatively small number of evolutionary generations – called round-robin size
% – only. After that the control algorithm proceeds to the next population and allows it to
evolve for the same number of generations. When all populations involved have undergone
the same number of evolutionary cycles (k · % with k ∈ N), the control algorithm starts over
with the first of its populations again. So, the entire optimisation process is decomposed into
several optimisation loops that run on a time sharing principle.

We need to stress that, when setting % to the number of generations a population is maxi-
mally permitted to evolve, the round-robin processing is the same as sequential processing. On
the other hand, choosing the minimal value for % (% = 1) leads to an increased overhead due
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to the higher number of “context switches”9 that occur when the control algorithm stops one
and continues another optimisation loop. We will focus in more detail on that issue in Section
5.4 as well as in Section 5.5 where we introduce a refinement of the round-robin processing
strategy.

2.5 Motivation for Enhancing the Learning Process

The framework for learning similarity measures (FLSM) presented so far, with its employment
of evolution strategies as learning technique, represents a promising approach to learn accurate
similarity measures. It must be stressed that it is capable – unlike many previous approaches
that mostly focused on learning feature weights – of learning all fundamental parts of the entire
similarity measure representation. While a weighted average is sufficient as amalgamation
function in most cases, especially the optimisation of local similarity measures is of major
impact.

According to Stahl (2001, 2002) a similarity assessment for a given problem situation and
a set of cases, that really reflects a case’s utility for a query, is of crucial importance for a
successful application of any CBR system. Therefore, an automated acquisition of a CBR
system’s similarity knowledge via FLSM – and that way avoiding the drawbacks of defining
similarity measures manually with the bottom-up approach (cf. Section 2.2.3) – may become
an important aspect, when developing a CBR application.

Broader Applicability

Being of such high importance, it is desirable that the application of FLSM is not restricted
to a couple of application domains only. Instead, it should be guaranteed, that FLSM can
handle and learn similarity measures in many, if not all, application domains. The work of
Stahl (2003) introduces a the successful employment of that framework for learning similarity
measures for a product recommendation and customisation scenario (see also Section 2.3.3).
Moreover, it is described how FLSM can be applied to learn customer preferences in an e-
commerce scenario (web shop selling cars). In both cases the feedback employed is ordinal,
i.e. the similarity teacher provides (partially known) correct case orders as utility feedback
(cf. Section 2.3.2).

In practice, however, CBR has been and is very often used for classification tasks. Here,
the class membership of a given query has to be predicted. Accordingly, the feedback from a
teacher can only be represented by the actual class membership, which means that the feedback
is less substantial and voluminous than in the cases mentioned above. In the next chapter we
want to present several ideas on how that less yielding feedback can be employed anyway in
order to obtain qualitative learning results for classification domains as well.

Improved Performance

The advantages of applying machine learning techniques that try to model some of the aspects
of natural evolution are well-known. They are robust and powerful search strategies, they can
be employed for various types of optimisation tasks, they do not make considerable demands

9An analogy to the context switches as known from field of operating systems and system software cannot be
denied.
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on the error function to be minimised and, finally, the learning results depend mainly on the
quality of the training data only.

Regrettably, evolutionary algorithms are also afflicted with a number of shortcomings. As
natural evolution teaches, lots of time are required for life to begin and to evolve. This means,
evolution based on the metaphorical “struggle for life” (Darwin, 1859) is a long-lasting process.
This is also true for simulated evolution modelled by an evolution strategy. Of course, we do
not deal with millions of years – but a single evolutionary generation for the scenario described
in Section 2.3.3, in which all the involved elements of the similarity measure representation,
that are represented as individuals, are brought forward by one cycle, takes about 2.5 minutes
(on a P-IV 1.8 GHz machine, on the basis of |TD| = 200).

Thus, a reduction of the number of evolutionary cycles required to achieve clear improve-
ments or a reduction of the time needed to conduct one single generation is a desirable target
of this work.

Another drawback not just of evolution strategies, but of many machine learning algorithms
is, that finding the global optimum of the objective function cannot be guaranteed in general.
Furthermore, (in the case of using EA) a found solution yielding an extraordinarily good
value of the error function may go lost during the evolutionary process due to the fact that
the corresponding individual dies without having bequeathed its genetic heir appropriately.
Nevertheless, on the one hand this is part of the evolution paradigm: Specialised individuals
die out, giving way for other, yet underdeveloped individuals, which after several reproduction
cycles may have even produced offspring that gets ahead of the formerly best, but extinct
individuals. On the other hand, due to the robustness of this learning technique it is probable
that a population is supposed to proceed to an optimum (w.r.t. the error function), even if
some top individuals have vanished. However, a thorough examination of these aspects has
not yet been carried out.

Overfitting

A further problem machine learning methods have to struggle with is called overfitting. The
critical issue in searching a model, i.e. here, a similarity measure, that really emulates the do-
main’s underlying utility function is generalisation: How well will the learnt similarity measure
suit for queries that are not contained in the training data set? That means, how noticeable
is the discrepancy of the learnt similarity measure’s quality concerning the retrieval error it
generates using, on the one hand, the training data set and, on the other hand, some test
data set of independent training examples? Of course, the best way to avoid overfitting is to
use lots of training data. Unfortunately, in many application domains the amount of avail-
able training data is limited, for example, if the training examples must be acquired manually
with the help of a human expert. Apart from that, the number of training examples used for
learning is linearly proportional to the computation time needed. Hence, if it was possible to
obtain learning results with a smaller set of training examples while avoiding overfitting, the
computational effort might be reduced as well.

For these reasons, we also want to concentrate on strategies that reduce or avoid overfitting,
that are based on the incorporation of additional background knowledge and that thus allow
the utilisation of FLSM for smaller training data sets as well.
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Bringing two of the previous issues together – namely the enormous effort regarding compu-
tation time needed and the danger of overfitting due to constructing overly complex models –,
we need to point out that the control algorithm implemented for the evolution strategy de-
scribed above allocates the same amount of computation time for each of the parts of the
similarity measure representation, that are about to be learnt, i.e. for each population to be
optimised. It becomes clear that this strategy is not optimal, when considering two symbolic
attributes A1 and A2 whose value ranges comprise 3 and 10 elements, respectively. In the first
case a 3×3 similarity table has to be optimised (thus 9 entries), whereas in the second case a
10×10 table (thus 100 entries).

Obviously, when allowing both corresponding populations of similarity table individuals (cf.
Definition 2.13) to evolve for the same number of evolutionary generations, this may result in
difficulties: On the one hand, the 3×3 matrix may become overfitted (presumed the training
data set is relatively small) or the 10×10 matrix may be underfitted, respectively. On the
other hand, computational resources are eventually wasted. Hence, we intend to address these
problems by defining appropriate scheduling strategies.
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3 Classification Domains and Solution
Similarities

In the past years Case-Based Reasoning systems have often been applied in domains in which
the class membership of a new problem situation or query, respectively, has to be predicted.
For some examples of systems applying CBR for classification tasks successfully, the reader is
referred to Yang and Honavar (1997), Jarmulak and Craw (1999), Branting (2001) and Gabel
and Veloso (2001).

When considering to employ FLSM’s capabilities to learn similarity measures in domains
where the value of an attribute (e.g. a class membership or a numeric value of some target
attribute) shall be predicted, we have to think about particular ideas and concepts how the
mandatory utility feedback (cf. Section 2.2.4) can be expressed.

In this chapter we first focus on the basics of the so-called k-nearest neighbour retrieval and
classification and introduce the concept of solution similarity. Then, we define specialised error
functions building the foundation for applying FLSM’s learning functionality to domains of the
type mentioned. Afterwards, we concentrate on the specifics of our enhancement of FLSM’s
strategies to optimise similarity measures.

In Chapter 6 we present experimental learning results for some – artificial as well as real-
world – classification and outcome prediction domains .

3.1 The k-Nearest Neighbour Retrieval

In a CBR system for prediction tasks a case characterisation consists on n describing attributes
A1, . . . , An and of a solution attribute As. A case may be written as c = (cp, cs) making the
distinction between problem and solution part clear. If the value range of As is finite, i.e. As is
a symbolic attribute with DAs = {g1, . . . , gm}, we also speak about a classification task since
here a case’s membership to one of the m classes has to be predicted. In the case of As being
a numeric attribute, it is the system’s task to project a query’s accurate value for the solution
attribute As.

According to Richter (2001) a similarity measure along with a case base defines a classifier
for a CBR system:

Definition 3.1 (Nearest Neighbour Classification)
Given a case base CB, a similarity measure Sim and a query q = (q1, . . . , qn) ∈ M, the
nearest neighbour for q is a case c = (cp, cs) ∈ CB, so that it holds:

∀c?(c?
p, c

?
s) ∈ CB : Sim(q, cp) ≥ Sim(q, c?

p)

Then, this principle of the nearest neighbour defines a classifier according to:

The class of each q ∈M is determined by the class of q’s nearest neighbour.
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Of course, Definition 3.1 may easily be extended for solution prediction tasks, when saying:

If c = (cp, cs) ∈ CB is q’s nearest neighbour, then q’s value for
the solution attribute As will be predicted to cs (for each q ∈M).

In practice, however, CBR systems usually make use of the more general approach to project
the class/solution of a query by retrieving q’s k-nearest neighbours K = {r1, . . . , rk} and apply
some kind of majority vote on them.

For example, Michie et al. (1994) or Weiss and Kulikowski (1991) use the single majority vote
that only considers the frequencies of the different classes in the set K of nearest neighbours.
Wilke and Bergmann (1996), for instance, employ a weighted majority vote. As it has the
advantage that the distance between neighbours collected in K is taken into account for the
class prediction, it has also found entrance into our extensions to FLSM. Nevertheless, for a
CBR systems it remains a difficult task to settle on a class decision or a solution proposal,
based only on these k-nearest neighbours to the problem situation.

For classification tasks (symbolic solution attribute As) we perform the k-nearest neighbour
classification for a given query q by computing a class membership probability for each of the m
possible classes (Wilke and Bergmann, 1996). Then, the prediction of the CBR system is the
class yielding the highest probability. We have defined three different strategies to calculate
the class membership probabilities:

Definition 3.2 (Class Membership Probability Calculation)
Let K = {r1, . . . , rk} be the ordered set of k-nearest neighbours (Sim(q, ri) ≥ Sim(q, rj) for all
i < j) retrieved from a case base CB for a query q, based on a similarity measure Sim. The set
of possible classes is given by the value range of the solution attribute As, DAs = {g1, . . . , gm}.
Then, for each class g ∈ DAs the class membership probability is calculated

• for linear class membership prediction strategy according to:

p1
Sim(g|q) =

∑
r∈K δr,g · Sim(q, r)∑

r∈K Sim(q, r)

• for exponentiated class membership prediction strategy (influenced by β > 1) according
to:

pβ
Sim(g|q) =

∑
r∈K δr,g · Sim(q, r)β∑

r∈K Sim(q, r)β

• for position-weighted class membership prediction strategy (influenced by α ≥ 0) accord-
ing to:

pα
Sim(g|q) =

∑k
i=1 δri,g · α+i

i∑k
i=1

α+i
i

Thereby, δx,y is defined as follows: δx,y =

{
1 if class(x) = y

0 else

The linear class membership prediction strategy can be seen as a specialisation of the second
strategy: For β = 1 the exponentiated class membership prediction strategy is equal to the
linear one.
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Figure 3.1: Examples for Classification: To Which Class Belongs the Query q?

Figure 3.1 illustrates the fact that depending on the strategy chosen, very unequal classifi-
cation decisions can be made. That way it emphasises the difficulty for a software system to
predict the class membership based on a k-nearest neighbour retrieval.

Our motivation for the definition of different prediction strategies is to cover several hetero-
geneous approaches to class/solution prediction: The linear prediction strategy simply looks
at the average similarity between q and its k-nearest neighbours separated by classes. The ex-
ponentiated strategy favours the class of those neighbours that have a relatively high similarity
value (assumed that β > 1) while repelling the influence of neighbours with little similarity
to q. Thus, the more similar neighbours have a higher impact on the classification decision
made. That is true for the position-weighted class membership prediction strategy as well.
However, here the accurate similarity values between q and its neighbours are disregarded.
Instead this strategy only considers the positioning of a neighbour ri in the retrieval result
obtained for q. For α > 0 the nearer neighbours’ classes gain a more eminent influence on
the classification decision. Kelly and Davis (1991) describe an interesting, more general and
dynamic version of this position-weighting strategy. Their approach, called GA-WKNN, learns
each of the weights for each position within the set of the k-nearest neighbours with the help
of a genetic algorithm.

In Section 6.1 we compare the three before-mentioned strategies regarding their performance
in several (real-world) application domains.

In the case of solution prediction tasks where As is a numeric attribute we differentiate
between the same three prediction strategies as mentioned above (for the same reasons as
mentioned above). However, since the CBR system has to give an accurate (here: numeric)
prediction for the value of As, we do not determine probabilities, but concrete numerical values
directly.

Definition 3.3 (k-NN Solution Prediction)
Let K = {r1, . . . , rk} be the ordered set of k-nearest neighbours (Sim(q, ri) ≥ Sim(q, rj) for all
i < j) retrieved from a case base CB for a query q, based on a similarity measure Sim. The
interval of possible solutions is given by the value range [smin, smax] of the solution attribute
As. Then, the predicted solution sq for query q is calculated

• for linear solution prediction strategy according to:

s1
Sim(q) =

∑
r∈K sr · Sim(q, r)∑

r∈K Sim(q, r)
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• for exponentiated solution prediction strategy (influenced by β > 1) according to:

sβ
Sim(q) =

∑
r∈K sr · Sim(q, r)β∑

r∈K Sim(q, r)β

• for position-weighted solution prediction strategy (influenced by α ≥ 0) according to:

sα
Sim(q) =

∑k
i=1 sri · α+i

i∑k
i=1

α+i
i

Without any doubt the parameter k has an remarkable impact on the classifier or solution
predictor, respectively, defined so far. In many practical applications k is simply set to 1
(see, for example, Skalak (1993) or Jarmulak and Craw (1999)). Other approaches allow the
specification of an appropriate value for k by the user or by a domain expert (e.g. Wilke
and Bergmann (1996)) or determine a good choice for k prior to the actual learning process
with the help of some heuristic tests (e.g. Wettschereck and Aha (1995)). Jarmulak et al.
(2000) report on an approach that tries to optimise feature weights as well as the parameter
k to improve the quality of a k-nearest neighbour retrieval in the application domain of tablet
formulation.

Our extensions to FLSM combine the afore mentioned strategies, in order to facilitate the
incorporation of background knowledge into the learning process. The user is allowed to specify
a lower bound kmin and an upper bound kmax for the interval of possible values for k to be
searched within the context of FLSM’s evolution strategy. That way a knowledge engineer
knowing the best choice x for k may set kmin = kmax = x. On the other hand, he/she might
define a more or less large interval [kmin; kmax] to be searched depending on his/her degree of
certainty about the actually optimal value for k.

Note, that in the following we mostly make use of a fixed (expert) value for k to guarantee a
better comparability of experimental results, when performing evaluation of different learning
procedures with varying parameter settings.

3.2 Utility Feedback Revisited

In Section 2.3 we have emphasised that the availability of appropriate training data is an
essential precondition to the use of the framework for learning similarity measures. A single
training example – no matter, if acquired manually or generated automatically – is supposed
to contain certain information on the utility of one or several cases for a specific query (utility
feedback). Now speaking about application domains with a predictive nature, i.e. classification
and solution prediction tasks, we have to reflect on the question, how the necessary utility
feedback may be represented.

At first glance one can say, that the only feasible feedback for a case must be based on the
correct solution for that case. Obviously, for a given query q, of which it is known that the
correct value of its solution attribute As is qs, all those cases c ∈ CB should yield the maximal
utility of 1.0 which possess the same solution. The remaining cases from the case base should
have a utility of less than 1.0, accordingly. Thus, one might be guided to decode utility in a
binary way. But, if we followed the idea to set

u(q, c) =

{
1.0 if qs = cs

0.0 else
(3.1)
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this would divide the case base into two sets within which all cases obtain the same utility.
As a consequence, the feedback would represent two clusters of cases – one cluster of cases
with maximal and another with minimal utility. In practical tests, however, we found that the
learning algorithms we apply perform much better, if we provide them with error functions
that make use of more substantial, i.e. a more fine-grained, utility feedback.

Introducing Solution Similarity

One way out of this dilemma is represented by introducing a so-called solution similarity. This
concept has already been used in the domain of robotic soccer (Gabel and Veloso, 2001) and
was more formally introduced by Stahl and Schmitt (2002). The basic idea here is to explicitly
define an additional similarity measure sims for the cases’ solution parts, i.e. for the solution
attribute As (see Figure 3.2). Then, the similarity assessments received from sims can be used
to generate the mandatory training data for optimising the similarity measure Sim for the
problem parts: If the similarity between the solutions of two cases is very different from the
similarity between their problem parts, this may indicate that Sim is not defined optimally.

The solution similarity measure may either be a rather simple, distance-based syntactical
similarity measure (this approximation is at least sufficient in many application domains) or a
more sophisticated one defined by an expert. The fundamental assumption, however, is that
it is in general by far easier to settle on a similarity measure for the cases’ solution part than
to define an appropriate similarity measure for the problem part on the basis of which the
retrieval will be carried out. Instead, the former one ought to be used to learn the latter one.

Case c1

Problem Part

Solution Part

Current Situation

New Problem q 

Correct
Solution
qs for q

Case Base

?Utility

Problem Similarity Sim(q,ci)

Unknown
SolutionSolution Similarity Sim(qs,ci,s)

may be
given
externally

utility

Figure 3.2: Solution and Problem Similarity

This is in particular true for domains we are dealing with in this chapter. Of course, we
have to acknowledge that in practice there are also application areas where a case’s solution is
a highly complex entity for which an appropriate similarity measure cannot be defined easily
(for an example see Gabel and Veloso (2001)). Furthermore, we need to stress that the usage
of a solution similarity measure also depends on the prerequisite that the cases within the case
base can be characterised as “optimal” cases. This means the solution contained in a single
case should represent a correct or at least a highly appropriate solution to the problem given
by the case’s problem (query) part. In the following, we proceed on that assumption.

With the help of a solution similarity measure we are able to determine the correct case order
that ought to be returned, when performing a retrieval for a query q from case base CB. In
other words, the solution similarity represents a comfortable and sophisticated opportunity to
realise an approximative, yet proper similarity teacher for the domains at hand. The following
definition clarifies how we can get utility feedback based on a solution similarity measure.
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Definition 3.4 (Utility Feedback via Solution Similarity)
Given a case base CB, a query q, whose value qs of its solution attribute As is known, and
a solution similarity measure sims for As, the utility of a case c ∈ CB for query q is defined
according to

u(q, c) = sims(qs, cs)

where cs denotes the solution of case c.

Based on that definition, we are now enabled to “animate” the rather abstract Definition 2.7
(Training Example), at least for domains, for which an appropriate solution similarity measure
can be defined (and assumed that concrete solutions of a sufficient number of problem situations
are available).

Definition 3.5 (Solution Similarity Training Example)
For a query q, whose value qs of its solution attribute As is known, a case base CB and a
solution similarity measure sims approximating the underlying utility function, the concept of
the similarity teacher is realised by dint of providing training examples through:

TEs(q) = [(c1, sims(qs, c1,s), . . . , (cf , sims(qs, cf,s)]

where f is the number of cases for which feedback is given. For each i ∈ {1, . . . , f} it holds:

• ci ∈ CB and ci,s ∈ DAs

• sims(qs, ci,s) ∈ [0; 1]

• sims(qs, ci,s) ≥ sims(qs, cj,s) for all i < j

Case c

Problem Part q

(known) Solution

Sim
(for problem part)

sims

(for solution part)

Case c1

Problem

Solution

Case Base

c1 c2 c3 cn…
Retrieval Result based on Sim

c´1 c´2 c´3 c´n…
Utility Feedback
(correct case order)

Error

Query q

Training Example

use

Figure 3.3: Employing Solution Similarity as Similarity Teacher

In Figure 3.3 we illustrate how a solution similarity measure can be employed as similarity
teacher, i.e. to obtain the mandatory utility feedback that is required for the learning process.
To create a single training example a solved case c consisting of its problem part (query) q
and its known solution is necessary. Those solved cases may, for example, be taken from the
case base (see Section 3.4). According to Definition 3.5 the correct case order, that should be
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retrieved for q, is given by the retrieval result that is obtained, when a retrieval based on the
solution similarity measure sims is carried out. This kind of utility feedback, together with
the query q represents one single training example.

On the other hand, a retrieval based on the problem similarity Sim – that is to be optimised
– may be conducted. If the corresponding retrieval result matches with the utility feedback,
then Sim can already be characterised to be optimal. If there are discrepancies between
both case orders, however, the problem similarity measure needs further adjustments that
can be realised with the learning techniques described in the previous chapter, guided by an
appropriate error function.

Reverting to “Simple Classification”

Regarding the utility feedback that can be provided, classification domains – in the simplest
case a decision for one out of two classes has to be made – may be considered as a special case
of domains in which a solution similarity is applicable.

The “simplest” prediction task occurring rather often in practice is represented by a binary
classification, i.e. a case’s membership to one out of two classes shall be predicted (|DAs | = 2).
Concerning the utility feedback that can be gained in such a scenario, we are thrown back to
Equation 3.1: Either the utility of case c for the query q is 1.0 or it is 0.0, depending on the real
class membership, i.e. the actual solution, for the problem that q represents. Therefore, the
utility feedback cannot be circumscribed to be very substantial, since a training example for q
will consist of two “clusters” of entries – the first one showing the maximal utility of 1.0, the
rest a utility of 0.0. Of course, this fact does not prevent the employment of this type of utility
feedback within the learning process. However, we think that the success of the optimisation
process can be increased, when that feedback can be “enriched” somehow. In the next section,
for example, we will do so by making use of the class membership prediction probabilities as
well. Generalising that, we can say that the introduction of a well-defined solution similarity
measure may in certain application scenarios not lead to optimal results, if the value range
DAs of the solution attribute consists of a few elements only.

Another drawback of obtaining utility feedback from a solution similarity measure is that
this method cannot be described to be maximally goal-oriented in terms of the predictive
character of the domains we are currently dealing with. Stated differently, we think that,
when learning a similarity measure in solution prediction domains, it must be the overall goal
to optimise the correctness of the actual solution prediction (and not just the correctness of a
retrieved case order). In that case, of course, the utility feedback and the training examples
containing it have a rather elementary structure:

Definition 3.6 (Solution Prediction Training Examples)
For a query q, whose value qs of its solution attribute As is known and a case base CB training
examples are defined as: TEp(q) = [q, qs]

As a consequence, we are in need of a strategy that enriches that feedback to make it more
suitable for its employment by a learning algorithm. The following section addresses this task.

3.3 Readapted Error and Fitness Functions

In this section we want to discuss three forms of error functions that are able to measure the
quality of a retrieval result with respect to some training data and that shall be used as fitness
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functions for FLSM’s evolution strategy (see Section 2.4) as well.
Here, we focus on domains in which the application of a solution similarity measure seems

to be promising, i.e. the value range of a discrete solution attribute As is rather large or As is
numeric. Furthermore, we also want to aim at those prediction domains in which the solution
attribute is symbolic with a rather limited set of possible values making the usage of a solution
similarity measure somewhat troublesome (cf. Section 3.2).

The remaining part of this section examines the following possibilities to define adequate
error functions:

• retrieval error based on ordinal as well as on cardinal feedback in domains with a solution
similarity measure

• prediction error based on outcome prediction results

• classification error based on classification probabilities in domains with a symbolic solu-
tion attribute

3.3.1 Ordinal/Cardinal Retrieval Error with Solution Similarity

Since utility feedback provided with help of a solution similarity measure represents a correct
case order (a partial order) and because there is no substantial difference between Definitions
2.7 and 3.5 (Training Example and Solution Similarity Training Example, respectively), a first
possibility for defining an appropriate error function is to adopt the error function from Section
2.3.2, which is based on ordinal utility feedback. That means, the index error function EI (see
Definition 2.10) may be applied here as well:

Definition 3.7 (Index Error From Solution Similarity)
For a similarity measure Sim, a query q and a corresponding training example TEs(q) built
upon utility feedback from a solution similarity measure sims, the index error from solution
similarity is defined as

EIS(TEs(q), Sim) =
f−1∑
i=1

f∑
j=i+1

euo(TEs(q), Sim, (ci, cj)) ·
i + α

i

where i+α
i is called error-position weight to be influenced by the parameter α. f represents the

number of cases for which feedback is contained in the training example and euo is the ordinal
error unit.

For that definition it seems appropriate to identify parameter f with the number k of nearest
neighbours that are retrieved from a k-NN retrieval, i.e. f = k. This would make sense for
reasons of comparability with the error functions that we will introduce in the following. In
spite of that, we point out that a higher value for f should yield improved learning results, on
the one hand, but increase the computational effort, on the other hand.

Due to the accurate similarities between solutions that the solution similarity measure sims

provides, however, we may also employ a more sophisticated error function Es. This function
exploits the numeric similarity values between the query’s correct solution and solutions of
other cases as contained in the training data. For this purpose we redefine the error unit –
now utilising cardinal, instead of ordinal information.
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Definition 3.8 (Cardinal Error Unit Based on Solution Similarity)
Let q be a query with a known correct solution qs, TEs(q) be the corresponding training example,
where (c, sims(qs, cs)) ∈ TEs(q). Further, let Sim be a similarity measure. An cardinal error
unit on the basis of the solution similarity measure sims is defined as

euc(TEs(q), Sim, c) = |Sim(q, c)− sims(qs, cs)|γ

where γ ∈ R+.

The cardinal error unit based on a given solution similarity measure analyses the correctness
of an arbitrary case’s similarity to q with respect to the “target” similarity that it should have
according to the training data. With the help of the parameter γ larger deviations may be
punished harder, e.g. when setting γ = 2.

With help of the cardinal error unit defined previously we can now introduce the definition
of the cardinal retrieval error from solution similarity.

Definition 3.9 (Cardinal Retrieval Error from Solution Similarity)
For a similarity measure Sim, a query q and a corresponding training example TEs(q) built
upon utility feedback from a solution similarity measure sims, the cardinal retrieval error
from solution similarity is defined as

ES(TEs(q), Sim) =
f∑

i=1

euc(TEs(q), Sim, ci) ·
i + α

i

where i+α
i is called error-position weight to be influenced by the parameter α. f represents the

number of cases for which feedback is contained in the training example.

An obvious advantage of the cardinal retrieval error is that its application is not restricted
to certain application domains: As long as a solution similarity measure can be specified, that
error function is usable, i.e. it does not make any demands on the type of the solution attribute.
However, as already pointed out a deficiency of ES is its lack of goal-orientation concerning the
solution that has to be predicted for a given query, based on a k-nearest neighbour retrieval.

3.3.2 Solution Prediction Error

It is important to keep in mind that the goal of optimising a similarity measure is to improve
the overall performance of the CBR system. So, when the CBR system is employed to predict
a solution for a new query or to classify it, the similarity measure, that is about to be learnt
by FLSM, ought to be optimised in such a way that the CBR system’s actual task will be
ameliorated.

For these reasons, an optimisation on the basis of the ordinal or cardinal retrieval error
induced by a solution similarity measure may be suboptimal – because it mainly corresponds to
the correct case order provided by the solution similarity and tries to minimise the discrepancy
between that order and the case order obtainable from a retrieval based on the measure to
be learnt. That way the precise prediction or classification decision arising from a certain
similarity measure are not taken into consideration directly. We argue that it is advantageous
to not neglect that information and to use it for guiding the optimisation process. To do so
we need to encapsulate it into an appropriate error function.
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In Section 3.1 we have defined several strategies to predict a solution for a given query
based on a k-nearest neighbour retrieval. In the case of a numeric solution attribute we get
a concrete value, representing the prediction. In the case of a symbolic solution attribute, we
obtain a class prediction. If we assume to be in possession of one or several queries together
with their belonging correct solutions (no matter if these correct solutions are numerical values
or class memberships), we can express the quality of the similarity measure with means of a
comparison between correct, predetermined and predicted solutions.

Definition 3.10 (Solution Prediction Errors)
Given a solution prediction training example TEp(q) = [q, qs] for query q, a case base CB, a
similarity measure Sim, on the basis of which a k-nearest neighbour retrieval is carried out,
and a similarity measure sims for the solution attribute, the solution prediction similarity
error is defined as

EPs(TEp(q), Sim) = 1− sims(qs, s
x
Sim(q))γ

where sx
Sim(q) stands for the predicted solution, x ∈ {1, α, β} determines the strategy by which

the solution is predicted (cf. Section 3.1) and γ ∈ R+ is a parameter to in/decrease the effects
of larger deviations from the correct solution.

Additionally, for solution attributes As with a numerical value range, the solution predic-
tion distance error is defined according to

EPd
(TEp(q), Sim) = |qs − sx

Sim(q)|γ

where γ and sx
Sim(q) have the same meaning as before1.

When employing these solution prediction error function as objective function, FLSM is
supposed to directly optimise its prediction accuracy. A drawback of the second error function
is that it is explicitly designed for those domains in which the value of a numeric solution
attribute shall be predicted (since the difference between the predicted and the real solution
is calculated). The first error function, however, can be applied as long as an appropriate
solution similarity measure is available – unfortunately, its competence is very reliant on the
accuracy of that similarity measure.

3.3.3 Classification Errors

If it is the CBR system’s task to classify new problem situations q, i.e. to assign one out of m
classes {g1, . . . , gm} to it, a solution prediction training example contains the query’s correct
class only. Hence, an error function corresponding most to the system’s actual optimisation
task (improving the classification accuracy) and thus being most goal-oriented ought to make
use of binary utility feedback as denoted in Equation 3.1.

Of course, with the definitions introduced so far, we already have the possibility to employ
an error function that directly corresponds to the system’s classification accuracy: Using, for

example, a trivial, binary solution similarity measure sims(x, y) =

{
1 if x = y

0 else
and assuming that sx

Sim(q) represents the class that yields the highest class membership prob-
ability (cf. Definition 3.2), the solution prediction similarity error EPs as given in Definition
3.10 depicts an error function that seems to be very appropriate for classification tasks.

1For reasons of simplicity, in the following we will refer to both error functions via the function symbol EP . If
we want to address one of them specifically, that will be mentioned explicitly.
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Characterising that error function informally – in the following, we refer to it as simple clas-
sification error –, it simply verifies whether Sim is able to predict the correct class membership
for q. If it is so, the error value will be 0, otherwise 1. Consequently, the simple classifica-
tion error can be qualified to be most goal-oriented, since it consistently judges a similarity
measure to make the right or the wrong classification. Unfortunately, this implies that this
error function is only a very coarse measure allowing no fine-grained nuances concerning the
assessment of different similarity measures.

For example, assume a classification task where the class membership of cases to one out of
two classes g1 and g2 has to be predicted and a query q that actually should be classified as
belonging to g1. A first similarity measure Sim1 calculates the class membership probabilities
of 0.4 for class g1 and 0.6 for g2, thus voting for class g2 (wrong classification). A second
measure computes class membership probabilities of 0.1 and 0.9 for g1 and g2, respectively
(wrong classification as well). In this scenario, obviously, the first similarity measure ought to
be preferred to the second one – and thus should obtain a smaller value for the classification
error. The simple classification error, however, makes no difference between both measures
and assigns an error value of 1 in each case.

In the previous section we have presented one way out of this dilemma: The definition
of a sophisticated solution similarity measure may improve the error assessment significantly
since it allows a more fine-grained evaluation of similarity measures. Unfortunately, if the
number of classes m is rather small, the benefit gained from using a solution similarity measure
vanishes in part: In the extreme case of having only a two-class classification task, there is
no solution similarity definable that would increase the error function’s granularity (as the
informal introduction of the simple classification error shows).

Here, we want to suggest an alternative approach for defining an adequate error function:
We intend to employ the class membership probabilities to evaluate the quality of a certain
similarity measure.

Definition 3.11 (Simple and Advanced Classification Error)
Let TEp(q) = [q, qs] be a solution prediction training example for query q where qs ∈ DAs =
{g1, . . . , gm} is the correct class of q. Further, CB be a case base and Sim a similarity measure
on the basis of which a k-nearest neighbour retrieval is carried out. Based on that retrieval,
h ∈ DAs be the class yielding the highest class membership probability pmax, so that it holds

px
Sim(h|q) = pmax = max

g∈As

{px
Sim(g|q)}

Then, the classification errors are defined as follows:

• simple classification error (derived from EPs)

ECs(TEp(q), Sim) =

{
0 if qs = h

1 else

• advanced classification error

ECa(TEp(q), Sim) =
∑

g∈DAs

{
|1− pmax|γ if g = qs

(px
Sim(g|q))γ else
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The parameter x may be chosen from {1, α, β} and γ ∈ R+.

The advanced classification error assesses the quality of a class membership prediction in a
more sophisticated way allowing an infinite number of error shades. This bears the advantage
that, when using ECa as error function, it is easier for the machine learning algorithm to
seek for an optimum due to the advanced classification error’s gradient: This error function is
continuous throughout the entire search space, while the simple classification error can rather
be understood as consisting of plenty of plateaus and discontinuities.

However, one should not surmise that ECa is in general to be preferred to ECs . Reverting
to the example from above and this time presuming q’s correct class was g2, we have to realise
that the simple classification error (ECs) is optimal with respect to the classification decision
made: The k-NN classifier decides for g2 (on a 0.4 : 0.6 vote) and the correct solution is
indeed g2.

As a consequence of the error functions’ advantages and disadvantages discussed, we sug-
gest to employ a combination of both. With the help of the combined classification error the
orientation towards the optimisation goal (improve classification accuracy) of the simple error
can be preserved, while the higher granularity of the advanced classification error is incorpo-
rated. We experimented with several settings for ω and obtained convincing learning results
for values ω ≈ 0.5 (see Section 6.1).

Definition 3.12 (Combined Classification Error)
For a solution prediction training example TEp(q) for query q and a similarity measure Sim
the combined classification error is defined according to

EC(TEp(q), Sim) = ω · ECs(TEp(q), Sim) + (1− ω) · ECa(TEp(q), Sim)

where ω is chosen from [0; 1].

3.3.4 Settling Fitness

In analogy to the average index error ÊI introduced in Definition 2.11, we now define the
average solution prediction error as the error function to be used for classification and solution
prediction domains.

Definition 3.13 (Average Solution Prediction Error)
Given a set of training queries Q = {q1, . . . , qs}, corresponding training data TDu(Q) =
{TEu(q1), . . . , TEu(qs)} with u ∈ {s, p} and a similarity measure Sim, the average solution
prediction error is defined as

ÊSP (TDu(Q), Sim) =
1
s
·

s∑
i=1

Ex(TEu(qi), Sim)

where x determines one of the error functions for one single query (x ∈ {I, IS, P, Cs}).

The average solution prediction error depicts a measure that is able of evaluating the quality
of a similarity measure with respect to a number of training examples for corresponding training
queries.

We employ the average solution prediction error as fitness function for FLSM’s evolutionary
algorithm as well. Here, it holds, too: The lower the average error, the fitter the corresponding
individual and similarity measure, respectively.

44



3.4 Introspective Learning

3.4 Introspective Learning

After having defined appropriate error functions to measure the quality of a similarity measure
and of the retrieval results it produces, we need to settle according to which strategy we want
to exploit the information contained in the training data. For this purpose we follow the idea
of a leave-one-out test strategy (Weiss and Kulikowski, 1991). This technique has also been
described as introspective learning as it has a representation of its own learning model and of
its performance quality, so that it may, for example, decide on itself when learning is needed or
which of its elements needs adjustments (Zhang and Yang, 1999). Based on its introspective
insights on its problem solving capabilities the optimisation process may be controlled. An
exemplary application in the field of air traffic control using introspective learning is described
by Bonzano et al. (1997).

We assume to be in possession of a given set C = {c1, . . . , cl} of cases including their
respective solutions (e.g. correct classifications). Then, we first divide C into two disjunct
subsets, CB and T , so that it holds CB ∩ T = ∅ and CB ∪ T = C. The first subset CB
represents the case base and the training data set, respectively, and is used for learning. The
second subset T is an independent test data set used for evaluating the learning results.

As follows, we want to present two algorithmic realisations by dint of which the average
solution prediction error (cf. Definition 3.13), i.e. the quality measure assessing the similarity
measure’s performance with respect to the training data, is calculated. Both algorithms per-
form a leave-one-out test for the given case base CB – the first one employing ordinal/cardinal
utility feedback that refers to the correctness of obtained retrieval results (cf. Sections 3.2 and
3.3.1), the second one using the CBR system’s predictions regarding the solution attribute (see
Sections 3.1 as well as 3.3.2 and 3.3.3).

Input : an error function selector a ∈ {IS, S},
training examples TEs(q) for all q ∈ CB,
a similarity measure Sim

Output : ÊSP (TDs(CB), Sim)

1. for all c ∈ CB do

a) CB′ := CB \ {c}
b) K = {r1, . . . , r|CB|} := retrieval result for query q from CB′

based on Sim

c) compute Ea(TEs(c), Sim)

2. compute e := ÊSP (TDs(CB), Sim)

3. return e

Algorithm 3.1: Error Calculation Based on Solution Similarity Training Examples TEs

Apart from the indispensable training data and the similarity measure that has to be evalu-
ated, the algorithm for the error calculation based on solution similarity training examples (cf.
Definition 3.5) given in Algorithm 3.1 expects an error function selector as input parameter.
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With the help of the latter it is decided whether the error function EIS (index error from
solution similarity) or ES (cardinal retrieval error from solution similarity) is to be used. The
main loop iterates over all cases c from case base CB. Within that loop first, the respective
case is excluded from the case base (leave-one-out), and then the particular error EIS or ES

is calculated. To do so, it may be necessary to accomplish an entire retrieval by which the
similarities between c and all the cases from CB′ are determined. However, the retrieval may
be avoidable if TEs(c) contains utility feedback for a few cases from CB only. In that case it is
of course sufficient to calculate the similarity between c and all those cases for which feedback
is available. Finally, the average error ÊSP is computed and returned.

When incorporating the CBR system’s solution predictions into the error calculation, the
parameter k for the nearest neighbour retrieval plays an important role. As announced in
Section 3.1 we facilitate the learning of an optimal value for k as well, i.e. k represents a
variable parameter in the learning process that is to be optimised as well.

Input : an error function selector a ∈ {P,C},
training examples TEp(q) for all q ∈ CB,
a similarity measure Sim, kmin and kmax

Output : an error vector (Êkmin , . . . , Êkmax) where Êk refers
to ÊSP (TEp(CB), Sim) based on a k-NN retrieval

1. for all c ∈ CB do

a) CB′ := CB \ {c}
b) K? = {r1, . . . , rkmax} := retrieval result for kmax-NN retrieval

for query q from CB′ based on Sim

c) for k := kmin to kmax do

i. if a = P then
A. sk := sx

Sim(c) based on K = {r1, . . . , rk} ⊆ K?

B. Ek
a(c) := EP (TEp(c), Sim) based on sk

ii. if a = C then
A. ~pk := vector of class membership probabilities based

on K = {r1, . . . , rk} ⊆ K?

B. Ek
a(c) := EC(TEp(c), Sim) based on ~pk

2. for k := kmin to kmax do

a) Êk := ÊSP (TDp(CB), Sim) based on Ek
a(c) for all c ∈ CB

3. return (Êkmin , . . . , Êkmax)

Algorithm 3.2: Error Calculation Based on Solution Prediction Training Examples TEp

Besides the parameters Algorithm 3.1 expects, the algorithm for error calculation based on
solution prediction training examples (Algorithm 3.2) presumes the specification of an interval
[kmin; kmax] of potential values for k that is to be searched. The algorithm’s main loop realises a
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leave-one-out test iterating over all cases from CB as well. First, the current case c is excluded
from the case base. Then, a kmax-nearest neighbour retrieval from the reduced case base CB′

is carried out. The next step is represented by a loop that iterates over all possible values
for k. For each possible choice of k the corresponding predicted solutions or corresponding
class membership probabilities, respectively, are calculated. The results of these calculations
are then used to determine the corresponding solution prediction error Ek

P (c) or classification
error Ek

C(c) (depending on the error function selector input) for the current value of k and
the actual case c. After having completed the main loop, the algorithm averages the collected
error values for each choice of k separately. Hence, it computes a vector a vector of kmax−kmin

average solution prediction errors that is returned finally.
Concerning the fitness assigned to a similarity measure individual within an evolutionary

algorithm, in Section 3.3.4 we have stated that the average solution prediction error ÊSP

shall be used as fitness value. The algorithms presented here compute the value of that error
function for a particular similarity measure so that the values they return can be employed
directly. However, the second algorithm for error calculation based on solution prediction
training examples provides an entire vector of average error values. Consequently, a strategy
is required by which the decision for one accurate fitness value is made. Though there is
a number of potential amalgamation or choosing strategies, for our extensions to FLSM we
decided to assign the fitness by choosing the minimal error value contained in the vector, i.e.
it holds for the current similarity measure’s fitness

f(Sim) := mink∈{kmin,...,kmax}(Ê
k) (3.2)

where (Êkmin , . . . , Êkmax) refers to the result the error calculation algorithm returns.

Computational Effort

From the algorithms presented above it can be seen that the error calculation based on a leave-
one-out test strategy requires the execution of |CB| k-nearest neighbour retrievals (at least
for Algorithm 3.2). Thus, when performing a leave-one-out test according to that algorithm
(on the basis of a linear retrieval), it is necessary to compute the similarity between two cases
for |CB| × (|CB| − 1) times. Hence, the computational effort – and so the time required for
learning – grows quadratically with respect to the size of the training data.

As a matter of fact most of the basic arithmetic operations involved in the similarity com-
putations that occur during the error/fitness calculation of a learning process are repeated for
several times in exactly the same manner. Consequently, when storing several intermediate
computation results externally and reusing them later, many dispensable calculations can be
avoided and a lot of computational time can be saved. In Section 5.4 we show how we re-
duced the computational effort by more than 80% by introducing a “smart” fitness and error
calculation.
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The previous chapter has established the basis to apply FLSM in a wider range of application
scenarios. With the current chapter we address the main goal of this work and highlight those
of our extensions to that learning framework that go into another direction: By systematically
incorporating different forms of background knowledge into the process of optimising similarity
measures we aim at a noticeable enhancement of FLSM’s learning capabilities.

First, we give a short motivation for our strategy to improve FLSM by means of additional
knowledge. Then, we introduce a number of elaborated concepts on the basis of which knowl-
edge can be used to actively bias the learning process. The endmost two sections of this
chapter exhaustively give attention to certain forms of knowledge that will be employed in the
scope of this work. In this regard the acquisition, utilisation and particular properties of those
knowledge forms will be highlighted.

4.1 Motivation

It is true that prior knowledge has an considearble impact not only on the speed with which
human beings learn a new concept, but even on the logical structure of the concepts learnt
(Pazzani, 1991). Concerning the influence of background knowledge on the learning behaviour
of humans many experiments have been carried out in the fields of Cognitive Science and Psy-
chology. For example, for humans it is easier to learn conjunctive concepts than disjunctive
ones, i.e. less training examples are required to learn a conjunctive concept (Dennis et al.,
1973). Nakamura (1985) has investigated the role of background knowledge regarding classi-
fication accuracy. The author found that a human being’s capabilities in learning a linearly
separable concept are increased, when provided with a domain theory, i.e. when being in pos-
session of background knowledge on the current application domain. And Wisniewski (1989)
emphasises the importance of faultless prior knowledge: A nonlinearly separable concept that
is consistent with a human’s background knowledge is easier to learn than a linearly separable
concept contradicting the subject’s prior knowledge. Hence, one can say that the background
knowledge a human learner is equipped with may be as influential as the information provided
by the environment (training data).

This argument referred to human learners only. However, it lets emerge the question which
of these insights from Cognitive Science can be transferred to the field of Machine Learning
and to FLSM as well. Pazzani (1991) tries to answer that question by stating:

“The ability of human learners to learn relatively quickly and accurately in a wide
variety of circumstances is in sharp contrast to current machine learning algo-
rithms. I hypothesise that this versatility comes from the ability to apply relevant
background knowledge to the learning task and the ability to fall back on weaker
methods in the absence of this background knowledge.”

Of course, the advantage of enriching a machine learning system’s capabilities by background
knowledge has been recognised by many researchers. For example, Doan et al. (2001) allow
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their system LSD to employ domain constraints – divided into soft and hard constraints –
as an additional source of knowledge to improve the access to a multitude of data sources.
Kopanas et al. (2002) criticised that the role of domain knowledge has often been paid too
few attention to in many data mining and knowledge discovery projects and it is described
what kind of particular knowledge may be employed during which phase of a KDD1 project.
Another successful utilisation of additional knowledge in a case-based application scenario
where domain knowledge is extracted explicitly from the case base, is depicted by Li et al.
(2001).

It must be stressed that in general learning an arbitrary complex concept, whose foundations
are eventually poorly understood even by humans, represents a demanding and complicated
task for any machine learning system. A learner performs the better, the more it knows about
the actual learning goal – carrying it to extremes, we may argue that a learning system is
only capable of learning what it almost already knows. In many cases sub-symbolic learning is
accomplishable easier depending on the respective objects of learning. For example, learning a
linear function is by far simpler than obtaining a more complex, highly parameterised function.
Insofar our piecewise linear approximation of distance-based similarity functions via similarity
function individuals (cf. Definition 2.12) already depicts a way to simplify the learning goal.

When reflecting on the question how background knowledge may be incorporated into the
framework for learning similarity measures in order to improve its learning capabilities, it
soon becomes clear that a proceeding, that – from an abstract point of view – is similar to the
core idea from the work of Djoko et al. (1995), seems to be promising: We need background
knowledge to input a bias toward certain types of similarity measures. Obviously, the form
that bias can take should be dependent on the respective application domain as well as on
additional knowledge that may perhaps be provided by a human expert. Let us approach that
issue from a historical perspective focusing on the problem of overfitting for the time being.

4.1.1 Overfitting

William of Ockham (1285-1349), a medieval English philosopher and Franciscan monk ideal-
ising a life characterised by poverty, criticised the scholastic philosophy of those days, whose
theories grew more and more complex without yielding a significant improvement in their pre-
dictive power, by stating: “Nunquam ponenda est pluralitas sin necessitate.” Translating that
statement, basically it means: “Plurality should not be assumed without necessity.” In more
recent times his quotation and the demand implied have gained popularity among researchers
from the fields of learning theory and knowledge discovery2. Many authors refer to, discuss,
form their own interpretations of and also criticise the so-called “Occam’s Razor” — the basic
principle that ought to be taken into consideration, when developing or applying a machine
learning approach (for some details and examples see Blumer et al. (1987), Nordin and Banzhaf
(1995) and Gamberger and Lavrac (1997)). In practice, the razor is usually interpreted in two
different ways:

• Simplicity is a goal in itself.

• Simplicity leads to greater accuracy.
1Knowledge Discovery in Databases
2For example, in conjunction with the NIPS 2001 Conference (Neural Information Processing Systems) there

was an entire workshop dedicated to the “Foundations of Occam’s Razor and Parsimony in Learning”.
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Hence, Occam’s Razor provides a justification for preferring simpler models over more com-
plex ones. For instance, it is well-known that overfitting is caused by creating models that
are overly complex, i.e. that fit “too” good to the training data provided, while showing poor
performance and little ability in generalising on some independent test data set. Accordingly,
Occam’s Razor suggests to avoid that by establishing a preference for simpler models. However,
Domingos (1999) shows that overfitting is not caused by the construction of complex models
only. Instead, the author blames multiple testing as a key factor increasing the probability of
overfitting: When attempting a large number of candidate models, the chance of finding one
that (over)fits the training data (just by chance) very well is increased rapidly. Speaking about
constrained knowledge discovery, Domingos raises the question: If we abandon the preference
for simpler hypotheses (i.e. not following Occam’s razor completely), in what other ways can
we avoid overfitting, when still intending to learn very flexible models?

Giving an answer to that question represents a major task of the thesis at hand: The learn-
ing process – including the risk of overfitting – shall be optimised by incorporating domain
or background knowledge and thus constraining the search. The employment of very diverse
forms of background knowledge has been described in several works. Domingos (1999) gives
a short, summarising overview on several forms, in which domain constraints can appear (e.g.
restrictions on the signs of inequalities in rules, knowledge on cause and effect variables, com-
binations of domain constraints and a simplicity bias). In the work of Abu-Mostafa (1989)
and Donoho and Rendell (1996) the authors speak about “hints” and several types of “frag-
mentary knowledge”, respectively, that are given to the learner and about strategies how they
are incorporated into the learning process. In the next section we want to build an overview
on the various forms of fragmentary knowledge and hints that we intend to use in order to
improve the learning behaviour of FLSM.

4.1.2 Overview

Within the context of the work at hand we identified two main sources of background knowl-
edge that can be exploited (more or less) easily and utilised to improve the process of learning
similarity measures in the scope of FLSM. In the following sections we describe our ideas on how
to incorporate additional knowledge into the optimisation process, not only from a realisation-
centred but also from a conceptual point of view. This bears the advantage that, in principle,
those concepts may be applied to improve the behaviour of different learning algorithms em-
ployed by FLSM. However, as announced in the previous chapters, with our realisations and
implementations we laid the focus on enhancing the capabilities of the evolution strategies
used within FLSM (described in Section 2.4). In Figure 4.1 we give an overview of the two
sources of additional knowledge and its various occurrences which we want to incorporate into
the learning process.

Similarity Meta Knowledge The way of modelling similarity measures described in Section
2.2 allows us to define several forms of meta knowledge which determine general demands
on the appearance of learnt similarity measures.

• Heuristics on the “typical” syntactical shape of local similarity measures represent
a simpler form of knowledge. These refer to several basic properties of similarity
measures and will be implemented as weak or strong constraints reducing the search
space. A descriptive example concerns the reflexivity of similarity measures, for
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instance: In most application domains a non-reflexive similarity measure would be
unpropitious.

• The case knowledge container holds a certain amount of unexploited knowledge
potential, too. Assumed that the case base contains a sufficient number of cases, the
distribution of the cases throughout the entire space of possible cases and especially
the distribution of their attribute values, may reveal interesting opportunities to
improve the learning process. We intend to employ a statistical case base analysis
(“mining” knowledge from the case base) to find out which regions of the space of
similarity measures are really worth to be searched thoroughly.

Partial Expert
Knowledge

Heuristic CBR
Knowledge

Vocabulary
Knowledge

Case Base
Analysis

Knowledge Filter Definition

Sources of 
Background Knowledge

Search
Space

Restriction

Similarity Meta Knowledge Expert Knowledge

Figure 4.1: Sources of Background Knowledge

Expert Knowledge The aid of a knowledge engineer and the incorporation of his/her expert
knowledge into the learning process may be unpayable. Furthermore, when building a
CBR system, the expert settles the vocabulary knowledge, which in turn may include
some implicit similarity knowledge to be exploited as well.

• Defining similarity measure bottom-up is a complex, time-consuming and probably
error-prone task that is reliant to a human domain expert. Searching the whole
space of possible similarity measures with the help of a learning algorithm can be
time-consuming and is often susceptible to overfitting, if the amount of available
training examples is rather small. So, why not meet in the middle? A domain
expert has often some vague idea of the correct similarity simA(x, y) between value
x and y of a specific attribute A, although he/she finds it difficult to translate
his/her understanding into an accurate numerical value within [0; 1]. For example,
the human specialist might state: “I think the similarity between x and y is rather
low, somewhere between 0.0 and 0.5. Maybe, it is around 0.3, but I am not really
sure of this.” Regarding feature weights, an expert may say: “I know, that w1

is more important than w2, while both are less influential than w3, but I cannot
express that in accurate numbers.” Unfortunately, a CBR tool in general expects
the user to enter an accurate value for simA(x, y) as well as for each wi. As a
consequence, the expert is forced to make some kind of “sophisticated” guess about
the correct local similarity value or feature weight – which is eventually imperfect.
These arguments make clear that it may be advantageous to incorporate a domain
expert’s partial knowledge (if that is available) about the similarity measure to be
learnt into the learning process. That form of knowledge is supposed to constrain
the search space and thus to speed up the search while reducing the danger of
overfitting at the same time.
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• A further form of expert knowledge is represented by the vocabulary knowledge –
this corresponds to one of the knowledge containers as introduced in Section 2.1.
The vocabulary provides possibilities to constrain the search space by utilising the
information that is contained within structured data types, such as symbolic types
with an ordered or taxonomic value range.

This list of forms of additional knowledge does not assert a claim to be complete and may,
of course, be extended. However, for the scope of this work we have tried to determine and
utilise those sources of background knowledge that can be employed without major difficulties
and whose application seemed to be promising. In the next section we introduce the concept of
knowledge filters as objects that, on the one hand, bear the knowledge gathered from diverse
sources and by means of which, on the other hand, the space of searchable similarity measures
can be restricted and thus a bias can be exerted on the learning process.

The subsequent sections (4.3 and 4.4) deal with similarity meta knowledge and expert knowl-
edge and investigate how those sources of background knowledge can be exploited to fill the
knowledge filters mentioned, enabling them to actually conduct the search space restriction.

We want to point out that we also intend to utilise other, rather implementation-specific
meta knowledge to ameliorate FLSM, in particular its run-time behaviour and its requirements
regarding computational resources. Since these improvements, however, are conceptually quite
different from the search space restriction we are promoting here, they are described within
the subsequent implementation and optimisation chapter (Chapter 5).

4.2 Concepts

As mentioned in the previous section it is one of our aims to restrict the search space, i.e. the
space of all representable similarity measures that are about to be searched, by exerting a bias
on the respective learning algorithm so that it prefers certain regions of that space to other
ones or completely avoids searching some subspaces of the entire search space. In other words,
a bias towards certain types of similarity measures ought to be created.

One benefit of that proceeding is obvious: In general, the learner should be able to converge
faster to an optimum since the search space is smaller. Another important matter is that
certain optima may be held off from the search space. On the one hand, this is favourable,
if those masked optima result from overfitting only: As the error functions we are dealing
with and which we want to minimise (e.g. ÊI or ÊSP , see Definitions 2.11 and 3.13) take a
particular training data set TD as parameter, their shape throughout the entire search space is
influenced by TD on a grand scale. Depending on the training data’s size, quality and level of
noise, additional optima may occur which are different from the “correct” global optimum, i.e.
from the perfect similarity measure for the respective application domain. So, if it is possible
to prevent the learner from running into those “overfit-optima” by restricting the search space,
the probability of overfitting can be decreased. On the other hand, the confinement of the
search will be disadvantageous, if it excludes the real optimum from the search space. However,
that kind of trouble has to be blamed on erroneous background knowledge on the basis of which
the search space restriction was carried out.
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4.2.1 Knowledge-Based Optimisation Filters

In order to realise the restriction of the search space we introduce the concept of knowledge-
based optimisation filters restricting the search space, which we briefly call knowledge filters in
the following. With that term we refer to entities that, on the one hand, hold some knowledge
concerning the learning of similarity measures that was gathered in several ways. On the other
hand, they are meant to play an active role during the search for an optimal similarity measure
insofar as they use their knowledge to explicitly direct the search.

The basic idea behind the definition of knowledge filters is to define “preferential regions”
in the space of all representable similarity measures. Thus, from an abstract point of view,
a knowledge filter covers – based on the knowledge it carries – the space with a probability
function that determines which regions are considered to be more or less worthwhile searching.

There are a number of demands that should be made on an appropriate realisation of
knowledge filters.

• They must be applicable to all elements of the representation mechanism for similarity
measures that is used (feature weights, local measures and amalgamation function), at
least to those that are actually optimised within FLSM’s current implementation.

• Knowledge filters ought to be easily expandable so that other pieces of knowledge may
be included in future.

• A third requirement concerns scalability: As similarity measures are composed of several
elements (e.g. a local measure for each attribute of the chosen case representation), we
should avoid using a single filter for the entire measure. Instead, the definition of a
special knowledge filter for each attribute (i.e. each local similarity measure) as well as
one additional filter for the feature weights is necessary. Hence, for a case representation
consisting of n attributes we need n + 1 filters or n + 2, if the amalgamation function
would be considered as well.

Returning to the abstract point of view mentioned above, a knowledge filter for one particular
attribute (here we disregard feature weights) might be characterised as follows.

Definition 4.1 (Knowledge Filter Preference Function)
Let S be the set of all representable local similarity measures for attribute A. A knowledge filter
K for A induces a preference function prefK : S → [0; 1] with

∫
s∈S prefK(s)ds = 1.

Obviously, prefK represents a probability function on the space of local similarity measures
for attribute A. So, for each s ∈ S the value of prefK(s) represents a probability and refers
to the chance of testing s as a next candidate similarity measure, when performing a pure
random search. However, we do not pursue the idea of restricting the search space with help
of knowledge filters that are given via a complex, computationally intensive definition of a
probability function. Instead, we want to realise filters as objects that include a number of
constraints, preference relations or auxiliary information (which we will specify in more detail
below). By using these information they are enabled to actively constrain the search space,
while, on the other hand, the above-mentioned preference function is implicitly defined.
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4.2.2 Intervening the Learning Process

An important question is in which way the knowledge filters interfere with the search process,
in order to exert a bias toward certain types of similarity measures and thus to realise the
preference function prefK .

In general, there are two possibilities of intervening the learning process:

Quality Assessment Modification After the learner has generated a new hypothesis h – here,
a new candidate similarity measure –, the respective knowledge filter K analyses h and
determines to which extent that hypothesis contradicts the knowledge K includes. De-
pending on the degree of constraint violations, discrepancies with preference relations
or mismatches with other knowledge pieces of K, the knowledge filter may assign an
impairment on the quality of h in terms of an altered value of the objective function
which is to be optimised. That way, the filter takes its active role during the evaluation
of new hypotheses.

Hypotheses Creation Modification The alternative approach is to consider background knowl-
edge already during the creation of new hypotheses. Here, the knowledge filter’s task
is to supervise and control the generation of new candidates in such a way that no (or
as few as possible) contradictions to its prior knowledge occur, i.e. for example, hard
constraints must always and soft ones should mostly be met. That way, the filter is
given the chance to directly realise the preference function prefK that is defined by the
knowledge it contains.

Working with evolutionary algorithms, the former strategy could be realised by imposing
an additional fitness impairment to the respective individual’s fitness, if the corresponding
similarity measure is not consistent with the filter’s background knowledge. In so doing the
selection pressure would be increased: Individuals that actually yield a low retrieval error
(eventually due to overfitting) might vanish from the evolutionary process rather soon, if the
form of the similarity measure they represent does not accord to the demands given by the
knowledge filter.

However, the definition of concrete numerical fitness impairment values turns out to be very
complicated and troublesome. It is important to keep in mind that an individual’s fitness and
the strategy by which a fitness value is assigned to an individual has an extraordinary strong
influence on the way a population develops. Accordingly, a wrong choice for fitness impair-
ments might make the whole optimisation process unstable: Too small increments might be
not influential enough to exert the desired bias towards certain types of similarity measures,
while too large ones might outnumber the fitness assessments based on the retrieval error. Fur-
thermore, the accurate quality impairments ought to be sufficiently granular: Some constraint
violations should lead to higher impairments while other contradictions to the filter’s knowl-
edge should result in smaller ones. Besides that, the determination of concrete impairments
should of course take the characteristics of the respective application and the absolute values
of the retrieval error into account. These arguments make clear that a sophisticated realisa-
tion of the quality assessment modification strategy represents a highly complex optimisation
problem in itself whose exploration goes beyond the scope of this work.

Apart from the described difficulties in realising that approach and in tuning its parameters,
it brings about another crucial drawback: By incorporating knowledge into the learning process
we also intend to speed up the optimisation. The most time-consuming part within FLSM’s
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algorithmic realisations, however, is the determination of the retrieval error induced by a
certain similarity measure. Consequently, the number of necessary retrieval error computations
should be minimised. Following the quality assessment modification strategy, the retrieval error
has to be acquired for every single individual. If an individual or the corresponding similarity
measure, respectively, does contradict to the knowledge filter’s content for the most part, that
individual would obtain a high fitness impairment and would probably be removed from the
population immediately. And thus, the computational time required to calculate its retrieval
error would have been wasted.

II. EVALUATION

III. SELECTION

I. BREEDING
stop

noyes

terminate

Current Population

Knowledge
Filter Layer
• expert values
• heuristics
• statistics

Chosen
Parents

Chosen
Operators

Offspring
(new, ‘‘filtered‘‘ individuals)

advice

filtering

Figure 4.2: Intervention of Knowledge Filters to the Learning

For the reasons mentioned, we decided to follow the second approach – the hypotheses
creation modification strategy – to incorporate the filters’ knowledge into the learning process.
Here, additional background knowledge influences the creation of new hypotheses, i.e. new
candidate similarity measures, already. In the context of an evolution strategy this bias is
supposed to be done during the generation of new individuals in the breeding stage (cf. Figure
2.7) of the evolutionary loop. At this, the knowledge filters we are employing exert their
influence at the level of chromosomes: Based on the information they carry, knowledge filters
may make some values for the genes of a new individual more probable or forbid other values,
for instance. To do so, it is also allowed to adapt the behaviour of mutation and crossover
operators (cf. Section 2.4.4). In Figure 4.2 we illustrate how knowledge filters can intervene
the creation of offspring in general. The refined breeding phase of the evolutionary algorithm is
extended by the layer of knowledge filters, in which the actual intentions (concerning offspring
creation) of the evolution strategy are “filtered” so that they are in accordance to the filter’s
knowledge. Hence, a filter uses its heuristic, expert and statistical knowledge (cf. Section
4.1) to manipulate the creation of descendants. In the two conclusive sections (4.3 and 4.4)
as well as (partly) in the next chapter we will explain in more detail how they perform that
biasing. Before going into those details, we first need to settle on an appropriate knowledge
filter composition.

4.2.3 Knowledge Filters and Their Elements

Let us concretise the structure of knowledge filters we propose, that shall enable them to realise
the desired search space restriction. As already mentioned, each knowledge filter is responsible
for one single element of the similarity measure representation only. Hence, when intending to
confine the search space of the entire similarity measure, n + 1 appropriate knowledge filters
are necessary (for n attributes plus one for the feature weights; the amalgamation function
remains disregarded). Of course, our approach also works, if knowledge filters are defined for
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some elements of the similarity measure representation only, e.g. just a single filter for the
weights.

The contents of each knowledge filter is divided into three main parts as sketched in Figure
4.3: general knowledge, detail knowledge and management information.

a) General Knowledge
This part is specific for the respective element of the similarity measure representation the
current filter is responsible for. So, it may for example contain general demands on one
particular local similarity measure in form of constraints that this measure must fulfill. The
general knowledge will be mainly influenced by heuristics on which we focus in Section 4.3.1.

General Knowledge

various constraints
(reflexivity, symmetry, …)

Management Information

• filter size
• usage for SME
• auxiliary information

Detail Knowledge
FILTER ELEMENTS

: : : :…

KNOWLEDGE FILTER

e1 eΦe2 e3

Figure 4.3: Composition of Knowledge Filters

b) Detail Knowledge (Knowledge Filter Elements)
The biggest part of the background knowledge with which we want to enhance the learning
process, is available in a detailed, i.e. fine-grained, form. Depending on the respective element
of the entire similarity measure representation to which this knowledge filter corresponds, a
set E = {e1, . . . , eφ} of so-called knowledge filter elements is employed. Each filter element
is responsible for restricting the search space at some specific region of the entire space. For
example, such a filter element ej may demand the value for feature weight wj to lie within
[0.4; 0.5], assumed that ej belongs to a knowledge filter that is responsible for the feature
weights.

If the knowledge filter at hand is used

• for the feature weights (w1, . . . , wn), then n knowledge filter elements are defined (φ = n),
one for each weight wi.

• for a local similarity measure for a symbolic attribute A with value range DA = (d1, d2,
. . . , dn), then we employ n2 filter elements (φ = n2) corresponding to the entries in the
similarity table that is used as local similarity measure for A.

• for a local similarity measure for a numeric attribute A, i.e. for a similarity function,
then it is not as obvious how to define the filter elements. Here, we decided to make use
of φ filter elements, where each one contains knowledge about a specific region of the
distance-based similarity function’s value range. That way its range DA = [Amin, Amax]
is divided into φ disjoint parts for which a filter element is responsible in each case.
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For reasons of easy interoperability with FLSM’s evolution strategy we decided to set
φ = s, where s is the number of sampling points (cf. Section 2.4.2) a similarity function
individual consists of.

Each of the knowledge filter elements introduced here is composed of several slots possessing
specific pieces of information. The following section gives a short overview of their contents
and tries to introduce a formalisation of knowledge filters and their elements.

c) Filter Management Information
Finally, each knowledge filter needs some general information about itself. Hence, this part
summarises some information on the respective knowledge filter. Besides the number φ of
knowledge filter elements included, called filter size, another important information is, for
example, for which element of the similarity measure representation this filter shall be used
(e.g. for a particular attribute or for the feature weights).

4.2.4 Knowledge Pieces and Their Formalisation

As mentioned before the main part of background knowledge, which shall be incorporated into
the learning process, is contained in the knowledge filter elements, i.e. in the detail knowledge
of a knowledge filter. The following list gives an overview of those knowledge pieces and points
out from which of the described knowledge sources (see Section 4.1) they are derived.

The knowledge filters’ elements we are proposing shall be filled with:

• Relations between the respective filter element and other ones: Those reflect greater-
than or less-than relations between entries in a similarity table, between regions of a
similarity function or between values of feature weights. In most cases these relations will
have to be supplied by a human expert. However, sometimes they may also be inferred
from other properties that are known about the respective element of the similarity
measure representation.

• Granularity Value: Normally, each entry in a similarity table or the similarity value for
a sampling point, for example, can be chosen arbitrarily from [0; 1]. When permitting to
choose a limited number of values from that interval only, the search space can be confined
enormously. The granularity value g determines how many values from the interval [0; 1]
are allowed to be chosen (that interval is divided into g equal parts): g = 21, for example,
disapproves any value that is not a multiple of 0.05. Of course, granularity values might
be specified by a human expert. But in Section 4.3.2 we show an approach how to gain
sophisticated granularity values from a statistical case base analysis.

• Expert Value and Confidence Level: An expert may specify a potential value for
the respective knowledge filter element and append how certain he/she is about his/her
assumption. Depending on the expert’s degree of confidence a more or less extensive
search around the expert value should be conducted.

• Lower and Upper Bound: The definition of a lower and upper bound for the value
the respective filter element is responsible for could also restrict the search space. The
subinterval of [0; 1] defined by these two values might be given by an expert, but can
also be obtained from relations or from a confidence level.
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• Search Strategy: This additional piece of information shall be used for choosing a
specific strategy according to which the part of the search space, that this filter element
is responsible for, is searched.

Based on these informal descriptions, we are now able to formally define knowledge fil-
ter elements. Note, that the following definition is only intended to introduce the required
notation.

Definition 4.2 (Knowledge Filter Element)
A knowledge filter element ep, restricting the search space S at one single point p of the
entire similarity measure representation, is a 7-tuple:

ep = (R, g, µx, c, l, u, f)

Here, R = {r1, . . . , rρ} is a set of relations, where each ri = (ej , b) consists of a reference to
another knowledge filter element ej (i 6= j) and b ∈ {<,≤,=,≥, >} indicates the type of the
relation. If vi and vj denote the respective similarity values for which ei and ej are responsible,
then it must hold vibvj. The filter element’s granularity is determined by g ∈ N+, the expert
value µx as well as the lower and upper bound l and u (l ≤ u) are within [0; 1].

The confidence level c as well as the search strategy f are chosen from a set of possible
values3.

With help of Definition 4.2 we can also introduce a formalisation of the concept of knowledge
filters. Note, that this definition disregards the filter management information, as a formal
representation of this component is not needed in the following.

Definition 4.3 (Knowledge Filter)
Let E be an element of the similarity measure representation (weights or local measure) that, in
its representation as an individual, is characterised by φ numerical similarity values. Further,
be C a set of general demands by which E might be constrained.

Then, a knowledge filter K for that element E is defined as a tuple

K = (GK , EK)

where EK = {e1, . . . , eφ} is a set of knowledge filter elements that correspond to the φ similarity
values, by which E is characterised, and GK is a subset of C.

After having introduced the concept of knowledge-based optimisation filters restricting the
search space and clarified their compositional structure, we now, i.e. in the following sections,
want to present several strategies how their contents, i.e. the actual background knowledge,
can be acquired and how its incorporation into the optimisation process influences and changes
the behaviour of FLSM’s evolutionary learning algorithm and thus constrains the search space.

4.3 Similarity Meta Knowledge

In this section we want to investigate several approaches to employ meta knowledge about the
similarity assessment with the goal of enhancing the learning process. Firstly, we define a set of
basic constraints to local similarity measures whose fulfillment seems purposeful. Secondly, we
intend to extract general knowledge from the available case data and introduce two different
strategies how to exploit it as similarity meta knowledge with which to bias the learner.

3The elements contained in both sets are specified in the subsequent sections.
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4.3.1 Heuristics on “Typical” Similarity Measures

Experience in the practical usage of CBR systems has shown that most of the similarity
measures that are applied feature certain characteristics.

An awkward definition, like simδ(x, y) =

{
0 if x = y

1 else
for an arbitrary symbolic attribute, would actually contradict to the CBR paradigm, according
to which similar problem have similar solutions, and thus be very improbable to be used
in practice. Nevertheless, peculiar measure like simδ are part of the search space S and,
accordingly, have the chance of getting involved in the learning process.

By formulating a number of basic heuristic constraints, that should be fulfilled by local
similarity measures, we intend to exclude unusual, highly improbable metrics from the search
and thus to restrict the search space. Beforehand, we want to point out to two important issues:
First, the considerations made in this section apply to local similarity measures only, not to
feature weights. Second, the knowledge pieces identified within this section will be stored as
general knowledge GK in a knowledge filter K (see Figure 4.3) as it refers to an entire local
similarity measure. Hence, in this section we want to identify a number of constraints whose
fulfillment can be required from the candidate similarity measures that are being searched.

4.3.1.1 Normalisation Constraint

For the local-global principle (see Section 2.2.1) to function properly, we assume local similar-
ity measures to be normalised, which basically means that the entire range [0; 1] of possible
similarity values shall be exploited.

Definition 4.4 (Normalised Local Similarity Measure)
A local similarity measure sim for attribute A is called normalised, if it holds: ∃x1, y1, x2, y2 ∈
DA with sim(x1, y1) = 0 and sim(x2, y2) = 1.

When refraining from using normalised local similarity measure only, the effects of feature
weights may be impaired and diluted. On the one hand, this bears the disadvantage that the
search space is expanded artificially: Several combinations of non-normalised local similarity
measures and feature weights can form the same overall similarity measure. An example
illustrating that problem is shown in Figure 4.4. On the other hand, a learnt similarity
measure is worse understandable for a human, when the effects of local similarities and weights
are mingled.

The current implementation of FLSM’s learning algorithms does not prohibit the generation
of non-normalised local similarity measures. As their usage creates no benefit at all, we suggest
to make use of a normalisation constraint in any case:

cnorm ∈ C with

cnorm = � ∃ x1, y1, x2, y2 ∈ DA with simA(x1, y1) = 0 and simA(x2, y2) = 1 � (4.1)

The algorithmic realisation of that normalisation constraint, when included in a knowl-
edge filter element, must verify that the respective similarity measure fulfills cnorm. If not,
i.e. if sim(x, y) < 1 ∀x, y ∈ DA or sim(x, y) > 0 ∀x, y ∈ DA, the minimum simmin =
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minx,y∈DA
{sim(x, y)} and maximum simmax = maxx,y∈DA

{sim(x, y)} must be determined
and a normalisation according to

sim′(x, y) :=
sim(x, y)− simmin

simmax − simmin
∀x, y ∈ DA

must be carried out. Here sim′ represents the normalised local similarity measure that is to
be used instead of sim, i.e. the knowledge filter is allowed to redefine the original similarity
values of sim. In the following we assume all local similarity measures to be normalised.

4.3.1.2 Reflexivity Constraint

Most similarity measures employed in practice are supposed to be reflexive, as any entity can
be considered as being maximally similar to itself.

Definition 4.5 (Reflexive Local Similarity Measure)
A local similarity measure sim for attribute A is called reflexive, if it holds sim(x, x) = 1 for
all x ∈ DA.

Of course, there are also examples of non-reflexive similarity measures that might be applied
successfully. Imagine an e-commerce scenario including a case-based product retrieval, where
the user has to specify a specific Price (among other attributes) for the respective query. A
similarity function for that price attribute modelling human behaviour might reach its global
maximum sim(q, c) = 1.0 (normalised measure) for c − q < 0 with |c − q| small, whereas
sim(x, x) may be slightly less than one. This allows for the fact, that the average human
customer is generally even more satisfied with a recommended product, if its price c falls short
of the requested price q.

However, if there is no justified reason to make use of non-reflexive similarity measures, the
constraint for reflexivity of a local similarity measures simA for attribute A

crefl ∈ C with crefl = � simA(x, x) = 1 ∀x ∈ DA � (4.2)

seems to be advantageous. The search space restriction induced by a constraint for reflex-
ivity, can be realised as follows: When the reflexivity constraint is included in the knowledge
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filter’s general knowledge component, that filter may correct all points of reflexivity during the
creation of a new individuals. That way it guarantees that at any point of time the current
population includes individuals only for which it holds: mI

ii = 1 for all i in the case of similarity
matrix individuals and vI

d s
2e

= 1 in the case of similarity vector individuals.

4.3.1.3 Symmetry Constraint

The idea of introducing a symmetry constraint is inviting, since its application would ap-
proximately halve the search space. In the case of a symbolic attribute As with DAs = n,
for example, the number of alterable entries in the respective similarity measure (individual)
sinks from n2 to n2+n

2 .

Definition 4.6 (Symmetric Local Similarity Measure)
A local similarity measure for attribute A is symmetric, if it holds sim(x, y) = sim(y, x) for
all x, y ∈ DA.

Of course, in many application scenarios, asymmetric local similarity measures are indispens-
able. For instance, the capabilities of a case-based product recommendation system strongly
relies on asymmetric measures. Consider a local measure for the attribute CPUClock illustrated
in Figures 2.2 and 4.4. Here, the question whether a PC’s clock rate is higher or lower than
the user’s demand plays a significant role, as a user will in general accept a PC that is faster
than actually desired, whereas he/she would probably neglect a too slow one. Hence, only an
asymmetric measure correctly captures the customer’s preferences leading to a retrieval result
that returns high-utility cases for the user’s query.

The type of application domains about which we have spoken in Chapter 3, i.e. classification
and solution prediction tasks, however, represents an example for a class of domains, where
the use of symmetric similarity measures may – under certain circumstances – be sufficient.
Assume a two-class problem and two cases c1 and c2 belonging to the same class, the first
one being used as query. Accordingly, sim(c1, c2) should be relatively high, so that c2 may be
retrieved as c1’s nearest neighbour. Using c2 as query the other way round, the benefit of c1’s
solution (class) for c2 is the same as c2’s for c1 and so c1 is expected to be c2’s nearest neighbour
as well. Therefore, a symmetric similarity measure calculating sim(c1, c2) = sim(c2, c1) would
perform very well. Generalising that example, we can say that a symmetric similarity measure
is appropriate, if the respective domain’s solution similarity measure is symmetric as well.
Apart from that, an expert often finds it easy to determine for a specific application domain
whether a certain local similarity measure should be symmetric or not.

To force the creation and handling of symmetric local similarity measures simA for a par-
ticular attribute A only, a symmetry constraint

csymm ∈ C with csymm = � simA(x, y) = simA(y, x) ∀x, y ∈ DA � (4.3)

can be added to the general knowledge GK of the respective knowledge filter. Similarly
as in the case of the reflexivity constraint, the presence of a symmetry constraint ought to
change the behaviour of the offspring creation phase, so that only individuals that correspond
to symmetric local similarity measures are generated.

In order to realise this, the knowledge filter (see knowledge filter layer in Figure 4.3) is
allowed to overwrite some of the elements of an individual, that has been created by a genetic
operator, to make the corresponding local similarity measure symmetric. To be exact, in the
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case of similarity table individuals I the filter must guarantee that it holds mI
ij = mI

ji for
all i, j ∈ {1, . . . , n} and vI

i = vI
s+1−i for all i ∈ {1, . . . , s} in the case of similarity function

individuals I, respectively.

4.3.1.4 Monotony Constraints

According to common understanding, larger distances between the query’s and case’s value of
an attribute make them more dissimilar, while smaller ones let them appear rather similar.
Indeed, this heuristic is true for most application domains Case-Based Reasoning has been
applied to. Based on that foundation, we now define what we understand under a monotonous
distance-based similarity function.

Definition 4.7 (Monotonous Similarity Function)
Let simA be a distance-based similarity function for a numeric attribute A. If it holds

sim(x, y1) ≥ sim(x, y2) ∀x, y1, y2 ∈ DA with 0 ≤ y1 − x ≤ y2 − x or y2 − x ≤ y1 − x ≤ 0

we call simA monotonous.

The global maximum of a monotonous similarity function lies on the y-axis (i.e. distance is
zero), for negative case-query differences it is increasing monotonously and for positive ones it
is decreasing monotonously.

Nevertheless, one might also construct a scenario in which non-monotonous similarity func-
tions are to be preferred. Assume a case base that basically consists of several natural numbers,
CB = {(3, odd), (4, even), (7, odd), (8, even), (9, odd)}, where the second attribute is the class
attribute and the task is to predict the class (even or odd) of a new number. Here, only a

non-monotonous measure, like sim(x, y) =

{
1 if (x− y) mod 2 = 0
0 else

would yield maximal classification accuracy. Given a query q = (6, ?), sim would return
(4, even) and (8, even) as nearest neighbour, whereas any monotonous function would have
assigned the highest similarity to (7, odd) and thus also included into the set of nearest neigh-
bours.

Although this example is rather artificial, it shows that the demand for monotony is not
advantageous at all times. The usage of non-monotonous distance-based similarity functions
may be beneficial in domains with adaptation functionality where, for instance, the value of
a particular attribute can be changed by a certain increment only (as a result of applying an
adaptation rule).

However, because monotony has proved to be a reasonable heuristic for defining similarity
functions in many application domains, we decided to allow any knowledge filter for a numeric
attribute A to employ a monotony constraint:

cmon ∈ C with

cmon = � simA(x, y1) ≥ simA(x, y2) ∀x, y1, y2 ∈ DA

with 0 ≤ y1 − x ≤ y2 − x or x− y2 ≤ x− y1 ≤ 0 � (4.4)
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Assuring Monotony
To ascertain the monotony of a similarity function we employ the relations R that are desig-
nated to be part of each knowledge filter element. Hence, when the monotony constraint cmon

is included in the general knowledge GK of a knowledge filter K = (GK , EK), its presence
ought to induce the creation of a set of relations R for each knowledge filter element in EK ,
according to the rules specified in Algorithm 4.1.

Input : knowledge filter K = (GK , EK) with EK = {e1, . . . , eφ},
for a numeric attribute A and φ ∈ {2n + 1|n ∈ N+}

Output : K with extended relation sets ei.R

1. for all i = 1 to φ do

a) if i = 1 then ei.R := ei.R ∪ {(i + 1,≤)}
else if i = φ then ei.R := ei.R ∪ {(i− 1,≤)}
else if i = φ+1

2 then ei.R := ei.R ∪ {(i− 1,≥), (i + 1,≥)}
else if i < φ+1

2 then ei.R := ei.R ∪ {(i− 1,≥), (i + 1,≤)}
else ei.R := ei.R ∪ {(i− 1,≤), (i + 1,≥)}

2. return K

Algorithm 4.1: Relations to Realise the Monotony Constraint

The relations created by this algorithm guarantee that the similarity values at the sampling
points of a similarity function form a monotonous measure. During offspring creation the
knowledge filter must make sure that none of these relations are violated. To do so it is
allowed to give advice to the involved genetic operators, i.e. to bias them. On the one hand,
this task is not as trivial as in the case of the reflexivity or symmetry constraint. On the other
hand, that kind of advice is not specific to the monotony constraint, but concerns and should
be always given, if relations within the knowledge filter elements are to be regarded. For these
reasons, we will describe the realisation of that advice and the extended genetic operators in
detail in the Chapter 5.

Weak Monotony Constraint
When comparing the search space restriction introduced by the four types of constraints we
have defined so far, the monotony constraint in general exerts the strongest bias. In order to
reduce its restrictiveness we suggest the usage of an additional constraint, that we call weak
monotony constraint and which actually represents an extension to the monotony constraint:

cmonW ∈ C with

cmonW = � simA(x, y2)− simA(x, y1) ≤ ε ∀x, y1, y2 ∈ DA

with 0 ≤ y1 − x ≤ y2 − x or x− y2 ≤ x− y1 ≤ 0 � (4.5)

Here, the parameter ε can be used to determine the strictness of the demand for monotony.
For ε = 0, of course, it holds cmonW = cmon, for ε > 0 small deviations from monotony are
permitted.
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4.3.2 Mining Knowledge from the Case Base

Considering a single local similarity measure sim, one can say that the similarity knowledge
that is included in sim is distributed over several elements: in the case of similarity tables over
its n2 entries and in the case of similarity functions over a few parameters or sampling points
describing that function.

Without any doubt, some of the measure’s elements can be characterised to be more im-
portant than other ones, i.e. carrying “more valuable knowledge”, than other ones, insofar as
they are – during the practical usage of the CBR system – consulted more frequently. That
means they are more frequently used to determine a query’s and a case’s similarity regarding
the respective attribute. Therefore, we ought to aim that those, more frequently used parts
of the similarity measure are outmost correct, since an erroneous similarity definition in these
regions would have a higher negative impact on the CBR system’s overall performance than in
other ones. A typical example for such a region is – in the case of a distance-based similarity
function simA that is defined over [Amin −Amax, Amax −Amin] – the area around the y-axis,
i.e. all simA(x, y) with |x− y| near zero. For a learning algorithm, this implies that it should
focus more on such “high-importance regions”, conducting a more thorough search there, while
it should be permitted to spend less effort in other “low-importance regions”.

But, which regions are of high importance? We intend to answer that question in the
following by means of carrying out a statistical case base analysis. In so doing, we want to find
out (specifically for single attributes and local similarity measures, respectively) which entries
within a similarity table and which regions of a similarity function’s value range are more
frequently consulted and which can thus be considered to be of higher importance. We need
to stress in prior, that all considerations we are doing here, presume a sufficiently substantial
case base which in particular is also representative (in its attribute-value distributions for all
attributes) for queries occurring typically in practice. A proceeding based on that assumption
is especially trouble-free in classification and solution prediction domains where we apply
introspective learning (see Chapter 3), i.e. where each c ∈ CB is used as query during learning
in the context of a leave-one-out test strategy so that the attribute-value distributions given
by the case base are implicitly representative for the queries used during learning.

For other application domains a natural extension would be to confine the statistical analysis
not only to the case base (as we do here), but to extend it to the training data sets (case order
feedback) as well.

4.3.2.1 Statistical Case Base Analysis

Illustrating our idea of obtaining knowledge from analysing case data, we present a little
example from the PC domain introduced in Section 2.3.3. Here, we focus on a numeric attribute
GraphicMemory, short AGR, whose value range is DAGR

= [4; 128]. We assume a case base of
18 cases, CB = {c1, . . . , c18}, whose attribute values for attribute GraphicMemory are set as
follows: ci.AGR = r with r = 4 for i ∈ {1, . . . , 3}, r = 8 for i ∈ {4, . . . , 6}, r = 16 for i ∈ {7, 8},
r = 32 for i ∈ {9, 10}, r = 64 for i ∈ {11, . . . , 14} and r = 128 for i ∈ {15, . . . , 18}.

Of course, this tiny case base is to small to be considered representative. Nevertheless, we
now presume it to be and proceed on the assumption that the distribution of all ci.AGR given
by the case base is representative and reflects the frequency with which certain values from
DAGR

occur in practice.
Based on the attribute value distribution for AGR (given by CB), we can sum up which
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combinations of certain case values and query values occur how often for AGR, if each c ∈ CB
is used once as query (leave-one-out test). Moreover, we are able to calculate the corresponding
distances between case and query values. The results of these calculations for the example at
hand are shown in Figure 4.5. The negative part of simAGR

’s value range DAGR
= [−124; 124]

has been omitted in that figure as it is symmetric to the part right from the y-axis.
Obviously, some regions of DAGR

are used rather often for similarity computations, while
other ones are not at all. This fact becomes even clearer, when dividing DAGR

into s subin-
tervals (corresponding to the s sampling points that are used to interpolate simAGR

) and
summing up the frequencies of case-query distances for each subinterval (negative half omitted
as well).
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Figure 4.5: Examples for Case Base Analysis: Which Regions of simAGR
’s definition are of

higher importance?

Although this example was designed for a numeric attribute, we want to point out that
the analysis of occurrence frequency of certain case-query attribute values can be applied to
symbolic attributes analogously.

Formalisation
Formalising the ideas presented with an example, we primarily need to introduce a measure
that is able to reflect which parts of a local similarity measure definition are of higher impor-
tance due to being referred to rather often. In Figure 4.5 these regions may be identified easily
through the height of the sketched bars. In order to define such a measure we first have to
formalise the frequency with which certain values from an attribute’s value range occur.

Definition 4.8 (Attribute-Specific Value Frequency)
Let A be an attribute with value range DA and CB = {c1, . . . , cm} a case base of m cases. The
attribute-specific value frequency hA is defined as

hA : DA → N
x 7→

∑m
i=1 δ(ci.A, x)

where δ(x, y) =

{
1 if x = y

0 else
.
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Based on the attribute-specific value frequency and on the above-mentioned presumption
about the case base’s representativeness, we may now specify a measure that expresses which
regions of a local similarity measure are used how frequently.

Definition 4.9 (Similarity Function Consultation Frequency)
Let A be a numeric attribute with value range DA = [Amin, Amax] and CB = {c1, . . . , cm} a
case base of m cases. Moreover, let simA be a distance-based similarity function that is defined
over IA = [Amin − Amax, Amax − Amin] and let hA be the attribute-specific value frequency.
Then, the consultation frequency of simA and IA, respectively, is the auto correlation of
hA, which is defined as

cn : IA → N

d 7→

{∑∞
i=−∞ hA(i) · hA(i− d) if d 6= 0∑∞
i=−∞ hA(i) · (hA(i)− 1) else

where n denotes that A is a numeric attribute.

In that definition the semantic of the leave-one-out test strategy is taken into consideration
by the special case for d = 0: If a certain case cj is used as query during a leave-one-out test
and, in so doing, excluded from CB, the number of cases ci for which it holds ci.A = cj .A
must be decreased by one.

In analogy to Definition 4.9 we can define the consultation frequency of similarity tables.

Definition 4.10 (Similarity Table Consultation Frequency)
Let A be a symbolic attribute with value range DA = {d1, . . . , dn} and CB = {c1, . . . , cm} a
case base of m cases. Moreover, let simA be a similarity table for A and let hA be the attribute-
specific value frequency. Then, the consultation frequency of simA, is the auto correlation
of hA, which is defined as

cs : DA ×DA → N

(x, y) 7→

{
hA(x) · hA(y) if x 6= y

hA(x) · (hA(x)− 1) else

where s denotes that A is a symbolic attribute.

After having introduced a way to estimate the importance of particular parts of a local
similarity measure definition, we now have to find a way how to employ that knowledge in the
scope of FLSM.

4.3.2.2 Exploitation of the Statistical Knowledge

The crucial issue, after having conducted a case base analysis, concerns the employment of
the knowledge obtained. In the following we present two approaches by means of which the
knowledge about consultation frequencies of certain regions of a local similarity measures’ value
range can be incorporated – as similarity meta knowledge – into the optimisation process in
order to improve the learning. While the first approach may be employed for all kinds of local
measures, the second one works for similarity functions only.
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4 Embracing Background Knowledge

a) Granularity

Each knowledge filter element e is responsible for a similarity value v that can be chosen from
[0; 1] ⊂ R. Accordingly, an infinite number of possible values may be taken into consideration
for v. Hence, a self-evident strategy to efficiently restrict the search space is to introduce a
“grid” for the respective similarity value v forcing it to be an element of {0, 1

g , 2
g , · · · , g−1

g , 1},
where g ∈ N+ ∪ {∞} determines the filter element’s granularity4. That way, the filter element
demands that v is a fractional number and allows to choose one out of g + 1 values for it. A
setting of g = ∞ shall be interpreted as allowing any real number for v, i.e. making no use of
granularity restrictions. Without any doubt, a massive restriction of the search space can be
realised with the usage of such a grid, especially if the granularity value g is small.

The results from a statistical case base analysis may be perfectly used to determine appro-
priate filter element granularities. On the one hand, the consultation frequency cs(x, y) of,
for example, a specific entry in a similarity table may be very high. This indicates that this
entry is supposed to be consulted very frequently and that it therefore should be adjusted as
accurate as possible. Moreover, this reveals that the case base contains a lot of information
about the combination “x as query value and y as case value”. For that reason, one may
conclude that learning of simA(x, y) is less vulnerable to overfitting and that its value may be
chosen on the basis of a higher granularity.

On the other hand, cs(x, y) may be a rather low value. Then it is clear, that, for example,
the corresponding entry in A’s similarity table will be consulted rarely. Consequently, a fine-
grained definition for simA(x, y) is, generally speaking, not necessary or, at least, not very
important (regarding the CBR system’s overall performance). Furthermore, the low value of
cs(x, y) suggests that CB features little information about that case-query combination for
attribute A only. Hence, learning simA(x, y) suffers from a high risk of overfitting, so that the
restriction of simA(x, y) to a comparatively low number of possible values seems promising.

The following definition introduces our approach to restrict the search space via granularity
levels, based on the knowledge gained from an analysis of the case base data.

Definition 4.11 (Granularity Values from Consultation Frequencies)
Let A be an attribute with value range DA, CB a case base of m cases, K a knowledge filter
that is responsible for A and e ∈ EK a knowledge filter element, which is responsible for

• simA(x, y) with x, y ∈ DA, if A is symbolic

• sampling point sk ∈ [Amin−Amax, Amax−Amin] and thus for all x, y ∈ DA with |x−y| =
sk, where k ∈ {1, . . . , s}, if A is numeric

Then, it holds for e’s granularity value g, i.e. for e.g:

• if A is symbolic: g = 1 +
⌈

cs(x,y)
mγ

⌉
• if A is numeric: g = 1 +

⌈∫ sk+δ

sk−δ w(x,sk)·cn(x)dx

mγ

⌉
with δ = 2·(Amax−Amin)

s−1

and w(x, y) = 1− |x−y|
δ

where γ is a parameter to scale the entire granularity assessment.
4In the following, we omit the leading “e.”, as it is clear that g refers to the filter element e.
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4.3 Similarity Meta Knowledge

In the case of dealing with a symbolic attribute, the consultation frequencies can be employed
directly to determine appropriate granularity values. As A’s value range is continuous, if it
is a numeric attribute, the computation of integrals, whose bounds are determined by the
similarity function’s sampling points and offset δ, is necessary. However, because the amount
of available case data is finite, that calculation scales back to forming according finite sums
instead of integrals. In practical tests we found that setting γ = 1 produces convincing results.

Concerning the question how those granularity values are actually employed to actively
restrict the search space, we refer to the implementation chapter (Sections 5.2.3 and 5.3.3).
Here, we only want to remark that it must be guaranteed that for each knowledge filter
element and the belonging similarity value v it holds v = n

g . To illustrate the above-mentioned
definition for g and the search space restriction induced, the left part of Figure 4.6 reverts to the
introductory example from the beginning of this section and shows how the granularity values
are used. Note, that due to the unrealistic small case base (m = 18) very small granularity
values occur – to weaken that effect we have set γ = 2

3 .
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Figure 4.6: Examples for Granularity Value Determination (left) and Sampling Point Distri-
bution (right) on the Basis of Consultation Frequencies for simAGR

b) Sampling Point Distribution

Up to now we have presumed that the sampling points, that are used to represent a distance-
based similarity function simA as an individual (similarity vector) in the context of an evolution
strategy, are distributed uniformly over the value range IA = [Amin − Amax, Amax − Amin] of
simA (cf. Figure 2.9). As Section 4.3.2.1 has taught, some regions of IA may be of less
importance for the similarity assessment than other ones – namely those regions with a rather
low consultation frequency cn. Consequently, in those low-importance regions – let us call
them R− ⊂ IA – we actually need not to interpolate the similarity function as elaborate as
in other, high-importance regions R+. Hence, less sampling points ought to be placed in R−,
while a higher number of sampling points and thus a better approximation of the similarity
function seems suitable for R+ regions. In short, an equidistant distribution of sampling points
does not correspond to nuances in consultation frequency.

Algorithm 4.2 presents a sophisticated way to distribute the sampling points over IA based
on the knowledge gained from a case base analysis: Regions of IA that are consulted more
often are granted a higher sampling point density, whereas R− regions are sparsely populated
by sampling points.
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Input : attribute A with value range DA = [Amin, Amax],
odd number s of sampling points with s ≥ 3
and a case base CB with |CB| = m

Output : vector of sampling points S = (s1, . . . , ss) ∈ [Amin−
Amax, Amax −Amin]s with si < sj for all i < j

1. compute integral of all consultation frequencies for positive
case-query distances (c.A− q.A > 0):

π :=
∫ Amax−Amin

0 cn(x)dx − cn(0)

2. for i = 1 to s−1
2 do

a) determine maximal t ∈ [0;Amax −Amin] so that∫ t
0 cn(x)dx − cn(0) ≤ i

s−1
2

· π

b) set si+ s+1
2

:= t

3. for i = 1 to s−1
2 do si := ss+1−i

4. set s s+1
2

:= 0

5. return (s1, . . . , ss)

Algorithm 4.2:
Non-Equidistant Sampling Point Distribution on the Basis of a Case Base Analysis

As the computed consultation frequencies are symmetric with respect to IA, the non-
equidistant sampling point distribution calculated by this algorithm is symmetric as well.
For the example from above (similarity function simAGR

), π is determined to 133 (Step 1).
The resulting sampling point distribution for positive case-query differences, as calculated in
Step 2, is sketched in the right part of Figure 4.6. Step 3 mirrors the distribution of sampling
points calculated so far to the negative part of IA, and Step 4 sets the intermediate sampling
point (with index s+1

2 ) to x = 0.

4.4 Expert Knowledge

If no learning functionality is provided, a CBR system’s capabilities rely (apart from the other
knowledge containers’ contents) on the similarity measures defined by a knowledge engineer
only. On the other hand, if the knowledge engineer is unable to specify an appropriate similarity
measure, the system’s only chance to obtain an adequate similarity measure is by means of a
machine learning technique (provided that training data is available).

In practice, however, in many cases none of these extremes occur. Instead, the expert
usually possesses at least some partial knowledge about the needed similarity measure. And
often some training data, that may help learning a similarity measure, is available, too. So a
combination of “the best of both worlds” might permit the following advantages:

• The knowledge acquisition effort is decreased. The expert first issues his/her (partial)
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knowledge about the respective measure, then presses a button and the remaining parts
of the similarity measure are learnt automatically.

• Since the expert is not urged to specify the similarity measure completely, he/she is not
forced to make educated “guesses” about elements of the measure he/she actually does
not know much about.

• Due to the additional partial knowledge given by the expert, the learner might less likely
tend to overfit its learning results to the training data.

• As the search space is restricted by the expert knowledge, not only the danger of over-
fitting, but also the time required for learning might be decreased.

Apart from these benefits, one should not forget that the knowledge engineer is fully respon-
sible for the definition of the CBR system’s vocabulary knowledge as well. Knowledge about
the vocabulary, in particular about structured data types a CBR system makes use of, can
be employed to a-priori restrict the search space. Therefore, we also aim at taxonomic and
ordered symbolic data types whose structured value ranges provide information about regions
of the search space that ought to be excluded from the search.

The remainder of this section is divided into four parts. First, we focus on feature weights
and examine how expert knowledge can support learning them. Second, we identify several
strategies how a knowledge engineer might bring in his/her more or less uncertain and partial
knowledge and we prospect how that uncertain knowledge can be employed to guide the opti-
misation process. The two conclusive parts of this section address the utilisation of vocabulary
knowledge, as specified by the knowledge engineer, and in so doing examine the exploitability
of taxonomic and ordered symbolic data types to restrict the search space, when learning local
similarity measures for corresponding attributes.

4.4.1 Attribute and Weight Preferences

As emphasised in Chapter 2, feature weights have a crucial influence on the entire similarity
calculation. So, for example, a wrong choice of feature weights can distort the similarity
assessment, even if a lot of effort has been put into the tuning of local measures. In practice,
however, knowledge engineers find it often difficult to translate their implicit knowledge about
the relative importance of attributes to explicit numerical ratios. Experts usually do not care or
cannot say, whether A1 is two or three times as important as A2. Yet, the answer to questions
like that may have an enormous impact on the quality of the entire similarity measure.

We argue that it is much easier for an expert to formulate a number of preference relations
by which he/she can determine a partial order of weights, ordered with respect to the relevance
of the corresponding attributes. The task of assigning concrete numerical values to the weights
can then be left to a machine learning algorithm.

Assume a case representation consisting of six attributes. An expert may, for example, utter
that he/she considers A1 to be less important than A3, A2 to be more important than A3 and
A3 to be more important than A4, while having no idea about A5’s importance and knowing
that A3 and A6 are equally important. On the one hand, these simple relations induce an
attribute preference graph as depicted in Figure 4.7. On the other hand, we can wrap this
expert knowledge into the sets of relations R that are part of each knowledge filter element:
From knowing that it must hold w1 < w3, w4 < w3, w3 < w2 and w3 = w6, a total of fourteen

71



4 Embracing Background Knowledge

A1

A4

A3

A6

A2

A5

e1.R = {(3,<),(6,<)}
e2.R = {(3,>),(6,>)}
e3.R = {(1,>),(2,<),(4,>),(6,=)}
e4.R = {(3,<),(6,<)}
e5.R = {}
e6.R = {(1,>),(2,<),(3,=),(4,>)}

Inferred Relations:

Figure 4.7: Example for an Expert’s Attribute Preferences

relations can be added to the six knowledge filter elements (e1, . . . , e6; one for each weight)
that are involved here. In doing so the number of allowed weight combinations for w1, . . . , w6 –
and thus the number of possible feature weight individuals that may be generated – is reduced.
Of course, the degree of restriction depends on the number of preference relations the expert is
able to provide. Here, the optimal, i.e. maximally restrictive, case is present, if the knowledge
engineer has specified a total order concerning attribute relevance. Then, the search space
restriction implied is comparable to the restriction introduced by the monotony constraint for
similarity functions.

Our extension to FLSM assures the compliance with those relations during the generation
of new feature weight individuals, i.e. in the breeding phase of the evolution strategy – just
as in the case of the relations that are incorporated, when using the monotony constraint
(see Section 4.3.1.4) for distance-based local similarity measures. Concerning implementation-
specific details on the advice for and extension of genetic operators to produce offspring that
is consistent with the relations mentioned here, we refer to Sections 5.2 and 5.3.

4.4.2 Expert Estimations

In the previous section we have spoken about the difficulties a knowledge engineer encounters,
when he/she is asked to assign accurate feature weights. The situation for local similarity
measures, however, is even worse, because here a large number of concrete parameter or
similarity values has to be devised for each attribute. Moreover, the effects of changing a
single value (e.g. one single entry within a similarity table) are not as obvious as in the case
of feature weights. As a consequence, many of the values that have to be determined during
a bottom-up definition of a similarity measure are left to the expert’s intuitiveness and thus
mostly represent estimations of the correct value only. Furthermore, the numeric similarity
values returned by a similarity measure convey the impression of originating from a maximally
accurate measure, so that the CBR system’s user will in general not doubt the measure’s
correctness.

On the other hand, the larger search space for local similarity measures (compared to the
space of feature weights, for instance) implies an increased risk of overfitting for a learning
algorithm. Hence, expert estimations on a similarity value somewhere in the search space
represent an excellent knowledge source to restrict that search space.

In this section we examine two further ways for a knowledge engineer to incorporate his/her
knowledge into the learning process. Apart from that, we introduce several strategies according
to which a learner can exploit that knowledge. Note, that the considerations made in the
following may be applied not only to local similarity measures, but to feature weights as well.
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Bound Specifications

An obvious possibility enabling an expert to directly cut off parts of the search space is by
allowing him/her to define lower and upper bounds for specific similarity values returned by the
similarity measure. For instance, he/she may decide that for a symbolic attribute’s values d1

and d2 it holds: sim(d1, d2) ∈ [0.6; 0.8]. Consequently, in this scenario the learning algorithm
does not have to take the whole interval [0; 1] into consideration for sim(d1, d2), but only
that subinterval. Of course, the degree of restriction achieved here depends on the expert’s
subinterval specification and thus on his/her experience.

The utilisation of this bounds approach is provided already within the knowledge filter ele-
ments (see Section 4.2.4): Each element e includes an entry l for the lower and u for the upper
bound, which by default should be set to 0.0 and 1.0, respectively. Evidently, the behaviour
of the crossover operators employed by FLSM (cf. Section 2.4.4) does not interfere with these
kinds of constraints, i.e. given two parent individuals, which are consistent with lower and
upper bound specifications, the application of simple, arbitrary as well as arithmetic crossover
will not cause any bound violation. Sure enough, this is not true for mutation operators; for
this reason in Section 5.2 we focus on the advice given from filters to mutation operators in
order to enable them to handle bound restrictions appropriately.

Specificational Effort and Confidence

Although the way of restricting the search space with help of specifying subintervals of [0; 1]
is straightforward and effective, it bears a crucial drawback: When intending to define a
lower and an upper bound for each single knowledge filter element involved, the effort for the
knowledge engineer accomplishing the specifications is extremely high – probably more time-
consuming than a manual bottom-up definition of the entire measure. Instead of n2 entries
in a similarity table for a symbolic attribute, for instance, he/she would now be required to
specify 2n2 bound values. As a consequence, this proceeding seems to be reasonably applicable
for a limited number of knowledge filter elements only, e.g. for those concerning whose actual
value the expert is rather sure and thus able to specify a small subinterval.

In response to the problems mentioned we also developed a more human-centred, confi-
idence-based approach. Here, the expert may (eventually only partially) define the similarity
measure in the usual bottom-up manner. In the context of knowledge filters we consider
his/her specifications as expert values µx, that are stored within the knowledge filter elements.
Moreover, the expert is allowed to add an assertion about the level of confidence c ∈ C
regarding his/her specification.

Definition 4.12 (Confidence Levels)
The set C of allowed confidence levels is defined as

C = {uncertain, low, average, high, certain}

For example, he/she may state e1,2.µx = 0.7 and e1,2.c = high (where e1,2 denotes the knowl-
edge filter element that is responsible for sim(d1, d2) from the example above) to express that
he/she is quite certain, that it holds sim(d1, d2) ≈ 0.7. That type of knowledge specification
implies the following advantages:

• The knowledge engineer is not obliged to input µx and c for all knowledge filter elements
(this is true for bound specifications via [l, u] as well). Hence, he/she can provide the
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learner with additional knowledge for certain search space regions while refraining from
doing so for other regions.

• Since confidence values do not necessarily have to be defined for each knowledge filter
elements separately, but may be for a knowledge filter as a whole (hence, for the entire
weight vector, similarity function or similarity table) or for certain parts of the filter at
once (e.g. for those filter elements that refer to a single or a number of rows or lines
in a similarity table), the specificational effort is less than in the case of employing the
bounds approach.

• The semantic of the confidence levels from C may be interpreted differently by the learner,
depending, for example, on the respective application domain or on the knowledge engi-
neer’s experience. This means, the search space restriction induced by confidence levels
is not as strict and inflexible as the one induced by bound specifications.

Filter Element Search Strategy

Let us for now assume that an expert value µx for a filter element e together with a belonging
confidence level c are mapped (according to some strategy) to an interval Ic = [lc, uc] so that
it holds lc ≤ µx ≤ uc.

Then, the question remaining is, how the learning algorithm searches through Ic, i.e. which
regions of Ic it favours. Naturally, the region around the expert’s explicit suggestion µx should
be favoured over, for instance, the limits of Ic.

As follows, we present three different approaches regarding that issue: Each one introduces
a probability function for a knowledge filter element, which is defined over R with respect to
Ic and which can be understood as a “contributor” to the overall knowledge filter preference
function prefK realised by the knowledge filter K (cf. Definition 4.1).

In contrast to the usage of expert-specified bounds l and u, whose usage is intended to simply
ensure that the similarity value for which e is responsible lies within [l, u], the probability
functions we are employing here allow a more systematic biasing of the search process.

Definition 4.13 (Filter Element Search Strategies)
Let e be a knowledge filter element for which an expert value µx ∈ [0; 1] as well as a confidence
level c ∈ C are given. Furthermore, c determines a probable lower bound lc and a probable
upper bound uc (according to some strategy) so that it holds lc ≤ µx ≤ uc. The set Q of search
strategy filter qualifiers is defined as Q = {unif, lin, gauss}.

A filter element search strategy is a probability function f = fq (with q ∈ Q), i.e. f : R →
[0; 1] and

∫
s fq(s)ds = 1, that is defined as follows:

• uniform filter element search strategy (q=unif):

funif : R → [0; 1] with x 7→

{
1

uc−lc
if lc ≤ x ≤ uc

0 else

• linear filter element search strategy (q=lin):

flin : R → [0; 1] with x 7→


2(x−lc)

(uc−lc)(µx−lc)
if lc ≤ x ≤ µx

2(uc−x)
(uc−lc)(uc−µx) if µx ≤ x ≤ uc

0 else
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4.4 Expert Knowledge

• Gaussian filter element search strategy (q=gauss):

fgauss : R → [0; 1] with x 7→ G(µx, σc, x) + corr

Here, it holds G(µx, σc, x) = 1
σc

√
2π

e
− (x−µx)2

2σ2
c , where we assume that σc = uc−µx = µx−lc.

The correction addend is defined as corr =
∫ 0
−∞ G(µx, σc, s)ds +

∫ ∞
1 G(µx, σc, s)ds.

The uniform filter element search strategy employs the information given by a lower and an
upper bound only: Each value from within [lc, uc] may be chosen with equal probability. Hence,
the filter simply ensures that no bound violations occur, so that this strategy is essentially the
same as the bounds approach (expert-specified bound) described before.

p

1.0lc uc

sim

p

1.0lc uc

sim
µx

p

1.0µx-σc

sim
µx µx+σc

corr

funif flin fgauss

Figure 4.8: Filter Element Search Strategies (Examples)

The linear search strategy, on the other hand, does not only guarantee that the respective
similarity value lies within [lc, uc], but also focuses the search around the expert value µx. It
does so by choosing values around µx with a higher probability than values nearer to lc or uc

(see also Figure 4.8). This is also true for the Gaussian filter element search strategy (which
presumes uc−µx = µx−lc). Here, µx is interpreted as a Gaussian distribution’s expected value
and uc−µx = µx− lc as its standard deviation. Accordingly, the interval [lc, uc] is interpreted
in a more relaxed way, i.e. also values x ∈ [0; 1] with x /∈ [lc, uc] have a (though relatively
low) chance of being taken into consideration. Note, that the correction addend corr in the
definition of fgauss is needed to ensure that

∫ 1
0 fgauss(x)dx = 1.

The decision which search strategy to use for a specific knowledge filter element e may be
made by the knowledge engineer according to his/her demands and self-estimation of his/her
own knowledge. If no further information is specified, we suggest to employ the linear filter
element search strategy by default.

4.4.3 Taxonomic Symbolic Attributes

The elements of a symbolic data type for a specific attribute may be structurable in a taxonomy.
Of course, that taxonomic ordering effects the belonging local similarity measure and the way
the similarity between a query and a case is computed.

Definition 4.14 (Taxonomic Symbolic Attribute)
Let A be a symbolic attribute with value range DA = {d1, . . . , dn}. A is called a taxonomic
attribute, if there exists an accentuated root element r ∈ DA for the taxonomy. Furthermore,
the remaining elements d ∈ DA \ r must be arranged in a tree structure TA with r as root of
the tree.

The predicate isChild(di, dj) is true, if di is a (possibly indirect) successor of dj within TA.
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4 Embracing Background Knowledge

Bergmann (1998) describes very detailed how taxonomies can be used for representing case
features and also addresses the resulting implications for appropriate local similarity measures.
Particularly, the author focuses on the possible semantics for leaves and inner nodes as well as
on the respective similarity assessments. Here, we employ a simplified approach to calculate
the similarity for taxonomic attributes.

Definition 4.15 (Taxonomic Similarity Measure)
Let A be a taxonomic attribute with its taxonomic value range DA = {d1, . . . , dn} arranged in
TA. Moreover, let each node d of TA be annotated with similarity value sd ∈ [0; 1] so that it
holds:

si ≤ sj iff dist(i, r) ≤ dist(j, r) (4.6)

where dist measures the distance (number of edges) between two tree nodes and r denotes TA’s
root element.

Then, the taxonomic local similarity measure for A is defined as

simA : DA ×DA → [0; 1]
(q, c) 7→ sNCP (q,c)

where NCP (q, c) determines the nearest common parent node for q and c.

Sometimes, it can be advantageous to allow the leaves of TA to be elements of DA only,
i.e. it holds DA ( nodes(TA). Then, the notation introduced above is still appropriate, if we
consider DA to be extended by TA’s inner nodes.

Representing Taxonomic Individuals

When intending to learn similarity measures for taxonomic attributes, we need to determine
an appropriate representation of such measures as individuals. We propose to employ trees
as individuals that correspond to the taxonomically ordered value range of the respective
attribute.

Definition 4.16 (Similarity Tree Individual)
An individual I representing a taxonomic local similarity measure simA for the taxonomic
symbolic attribute A is coded as a tree T I

A whose structure is identical to TA. The nodes of that
similarity tree T I

A are real numbers whose values are determined by the node annotations si

(i ∈ {1, . . . , n}) that are made to the nodes in TA.

When realising similarity tree individuals according to Definition 4.16, essentially the con-
dition given by Equation 4.6 must be fulfilled. For that purpose it is advisable to employ the
knowledge filter elements’ relations introduced in Section 4.2.4. We have utilised their func-
tionality already to accomplish the monotony constrained for similarity functions (cf. Section
4.3.1.4). Here, we may use those relations accordingly in order to ensure that the similarity
values in a similarity tree are increasing from the root towards the leaves of the tree. Algorithm
4.3 shows how those relations can be set.
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4.4 Expert Knowledge

Input : knowledge filter K = (GK , EK) with EK = {e1, . . . , eφ},
for a taxonomic attribute A with value range DA =
{d1, . . . , dφ} that is ordered taxonomically in a tree TA

Output : K with extended relation sets ei.R

1. for i = 1 to φ do

for j = 1 to φ do

if isChild(i, j) then ej .R := ej .R ∪ {≥, i}

2. return K

Algorithm 4.3: Relations to Realise a Similarity Tree Individual

Genetic Operators

The application of mutation operators (as introduced in Section 2.4.4) is straightforward,
when using the similarity values of a tree node’s predecessor node (i.e., sp) and the maxi-
mum of its m child nodes (max{sc1 , · · · , scm}) as lower and upper bound, respectively, for the
determination of the adapted (mutated) value. Arithmetic crossover’s application is trouble-
free as well, since an averaged similarity tree individual created from two parent individuals,
that fulfill all relations, is consistent with those relations, too.

Crossover variants that make use of splitting the parental genome and composing the off-
spring by genome parts from its parents (e.g. simple crossover) are also applicable to similarity
tree individuals. On the one hand, the similarity tree may be mapped to a flat vector of sim-
ilarity values, so that the operators introduced for similarity function and similarity table
individuals can be used without change. However, in addition to the crossover operators
defined in Section 2.4.4 we also suggest another specialised genetic operator:

• Sub-tree crossover: Given a taxonomic attribute A whose value range is arranged in
a tree TA and two parent similarity tree individuals T I1

A and T I2
A , sub-tree crossover

randomly picks a node d from TA. Then, it creates the offspring T Inew
A according to

tInew
i =

{
tI1i if d B i

tI2i else
for all i ∈ TA

where the operator B denotes that i is a node within the sub-tree of TA having root d.

Concerning the difficulties in handling constraints/relations included in the knowledge filter
for the respective attribute A, when applying any kind of split point-based crossover, we refer
to Section 5.3.1 in the implementation-specific chapter.

Search Space Restriction

Analysing the restriction of the search space that can be achieved, when utilising information
about an attribute’s taxonomic value range, we ought to consider the worst case scenario in
which the minimal restriction is reached.
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4 Embracing Background Knowledge

First of all, we need to stress that our current realisation does not yet allow to use inner
tree nodes as values for queries or cases, i.e. the values from DA are to be found in the leaves
exclusively. This entails the following implications:

• Differentiated semantics for inner nodes, as depicted by Bergmann (1998) and illustrated
in Figure 4.9a, cannot be employed. As asymmetries in the respective similarity measure
result from different interpretations of inner nodes when used as query or case, only
symmetric taxonomic similarity measures can be learnt up to now.

• Since we allow values from DA (|DA| = φ) in the leaves of a similarity tree individual
only, additional nodes (including a root element) are necessary to form the tree. Thus,
in the worst case (binary tree) φ − 1 additional nodes are needed, i.e. a similarity tree
individual maximally consists of a total of 2φ− 1 similarity values.

Semantic of
Inner Nodes

Φ
1
2
3
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5
6

1
3
6
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15
21

1
3
5
7
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11

… … …

Inner Nodes
as Values

no

Semantic of
Inner Nodes
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any value uncertain

pessimistic optimistic average

already
implemented

a) b)

7 28 13

Free Parameters
Kempty Ktaxo

Figure 4.9: Usage of Inner Nodes (a) and Feasible Regions for Similarity Matrices vs. Similarity
Tree Individuals (b)

Here, we ought to mention that for a similarity tree individual I for attribute A with
DA = {d1, . . . , dφ} exactly 2φ − 1 independent similarity values have to be optimised. If we
had treated A as a (non-taxonomic) symbolic attribute and used similarity matrices instead
(assuming symmetric measures only), there would have been φ2+φ

2 free parameters to be tuned.
Hence, the utilisation of vocabulary, here taxonomic, knowledge in fact results in a search space
restriction as it holds 2φ− 1 ≤ φ2+φ

2 for all φ ∈ N (see also Figure 4.9b). Note, that the actual
gain is in fact higher than maybe presumed from the numbers in that figure: Due to the
taxonomic structuring of DA and due to the relations associated with all nodes (cf. Algorithm
4.3) within the tree, most of the 2φ− 1 similarity values cannot be chosen from [0; 1] but from
a smaller subinterval of [0; 1] only.

The mentioned gain may be even increased, when the current restrictions listed above,
particularly the consideration of different semantics for inner nodes and thus the allowance of
asymmetric measures, are overcome.

4.4.4 Ordered Symbolic Attributes

A simpler ordering of a symbolic attribute’s allowed values d1, . . . , dn (simpler in comparison
to a taxonomic ordering) is given, when the elements di are ordered totally.

Definition 4.17 (Ordered Symbolic Attribute)
Let A be a symbolic attribute with value range DA = {d1, . . . , dn}. A is called an ordered
symbolic attribute, if each di is associated with a numeric scaling value oi ∈ R, so that it
holds oi < oj for all i < j.
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4.4 Expert Knowledge

The mentioned associations oi may then be employed as representative for the actual ele-
ments di in order to realise an ordered symbolic similarity measure on the basis of a similarity
function (cf. Definition 2.3).

Definition 4.18 (Ordered Symbolic Similarity Measure)
Let A be an ordered symbolic attribute with its ordered value range DA = {d1, . . . , dn} and
belonging numeric associations o1, . . . , on. Then, the ordered symbolic local similarity
measure is defined as

simA : DA ×DA → [0; 1]
(q, c) 7→ simA0(q,c)

where simA0 is a similarity function that is defined on Id = [o1 − on, on − o1].

Representing Ordered Symbolic Individuals

An ordered symbolic similarity measure simA shall be represented by an individual that con-
sists of two real-valued vectors. The first one is to define the association oi mentioned above
and in so doing affects the scaling of A’s value range. Thus, it basically determines the x-axis
on which the second vector with its similarity values operates: Figure 4.10 illustrates how
we represent individuals for local similarity measures with an ordered value range, giving an
example for an ordered symbolic attribute RainbowColour.

Definition 4.19 (Ordered Symbolic Individuals)
Let A be an ordered symbolic attribute with value range DA = {d1, . . . , dn} and belonging
associations o1, . . . , on. An ordered symbolic individual representing an ordered symbolic
similarity measure simA is coded as a tuple of two vectors: I = (OI

A, V I
A). Here, OI

A =
(oI

1, . . . , o
I
n), called scaling vector, represents a normalisation of the associations o1, . . . , on

according to
oI
i = oi−o1

on−o1
for all i ∈ {1, . . . , n}

so that it holds oI
i ≤ oI

j for all i < j as well as oI
1 = 0 and oI

n = 1.
V I

A = (vI
1 , . . . , v

I
s), called similarity vector, corresponds to a similarity function individual

(cf. Definition 2.12), that is defined over [oI
1 − oI

n, oI
n − oI

1] = [−1; 1], where s denotes the
number of sampling points used.
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Figure 4.10: Representation of Ordered Symbolic Similarity Measures as Individuals, Example
for an Ordered Symbolic Attribute RainbowColour

During optimisation, when ordered symbolic individuals are used in the scope of an evolution
strategy applied by FLSM, both vectors are learnt simultaneously. For the constraints related
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to the scaling vector OI
A, the functionality provided by knowledge filters can be utilised. Here,

we mainly need to meet relational constraints (oI
i < oI

j for all i < j) as well as predefined
values (oI

1 = 0 and oI
n = 1). For the former ones we employ the knowledge filter elements’

relations – very similar to our realisation of the monotony constraint (see Section 4.3.1.4). For
the latter ones we may use knowledge filters’ expert values together with the confidence level
“certain” (see Section 4.4.2).

Genetic Operators

Regarding genetic operators the situation for ordered symbolic individuals (in particular for its
first component, the scaling vector) is not much different from the situation for taxonomic ones
(see Section 4.4.3). In addition to the previous operators, we introduce a further specialised,
heuristic crossover operator that is responsive to the constraints that must be fulfilled by the
respective individual’s scaling vector:

• Information exchange crossover: Given two parent scaling vectors OI1
A , OI2

A ∈ [0; 1]n, this
operator mingles both vectors’ elements and sets

z = (z1, . . . , z2n) with zi ≤ zj for all i < j and ∀i∃j so that zi = oI1
j or zi = oI2

j

The offspring is formed according to
OInew

A = (z1, z3, . . . , z2n−1) or OInew
A = (z2, z4, . . . , z2n).

Note, that this new operator might also be applied to create offspring of similarity functions
that have to fulfill the monotony constraint.

Search Space Restriction

Let us again assume an ordered symbolic attribute A with an ordered value range DA =
{d1, . . . , dφ} (note, that φ = n). Treating that attribute as a “normal” symbolic one and
modelling its similarity measure with a similarity table – using, so to say, an empty knowledge
filter Ksym –, there would be φ2 independent entries to be adjusted. Making use of the total
ordering of DA’s value range, however, the search space becomes restricted: Doing so, the
modelling of ordered symbolic local similarity measures requires the scaling vector, which
consists of φ elements, and the similarity vector, which represents a similarity function and
thus consists of s sampled similarity values. Consequently, (using a knowledge filter Kord that
contains the above-mentioned constraints concerning the scaling vector) learning on the basis
of ordered symbolic similarity measures requires the optimisation of φ + s similarity values
only.

Having a look at the example from above (φ = n = 6) a search space restriction occurs,
when choosing s < 30. Since a reasonable choice for s is, for instance, s = 13 (as depicted in
Figure 4.9), the achieved restriction is in this case almost 50%. Note, that the actual search
space restriction is, however, even higher. The total ordering of the scaling vector’s elements
causes that those values cannot be chosen arbitrarily from [0; 1], but from a subinterval of [0; 1]
instead. Moreover, for oI

1 = 0 and oI
n = 1 the values are even fixed.
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In this chapter we want to present some implementation-specific details which illustrate how
the concept of knowledge-based optimisation filters is realised and integrated into the frame-
work for learning similarity measures. In particular, we focus on how the filters give their
knowledge-based advice to the respective genetic operators employed by FLSM’s evolution
strategy. Moreover, it is our goal to improve FLSM’s run-time behaviour, i.e. to speed up the
optimisation process. In order to do so, we analyse the current implementation, figure out its
shortcomings and develop strategies to overcome the deficiencies.

We start with a short description of the architecture of our extensions to FLSM. The following
two sections focus in detail on both groups of genetic operators we are applying, mutation and
crossover operators. There, we discuss how the gathered knowledge, that is stored in knowledge
filters, is employed to actively exert a bias on the learning process, i.e. how filters can convey
some form of advice to genetic operators.

The subsequent section deals with a smart optimisation of the fitness calculation, employing
some knowledge about the mechanisms according to which retrievals and similarity assess-
ments are carried out. We need to stress that all the experimental evaluations conducted in
the scope of this work (cf. Chapter 6) would not have been feasible without that optimisation
(due to the enormous computational effort involved). In the last section we highlight a fur-
ther enhancement of FLSM covering a guiding of the optimisation process into regions worth
searching and, hence, an intelligent dispatching of computation time.

5.1 Filter Realisation

The realisation of FLSM represents an extension to the commercial CBR tool CBR-Works
(Schulz, 1999). As the task of the thesis at hand is to enhance the capabilities of FLSM, our
implementations provide an extension to CBR-Works as well.

The mixed UML and block symbol chart in Figure 5.1 shows some of the classes whose
functionality is part of this work. The functionality offered by knowledge filters resides mainly
in two classes: LSMKnowledgeFilter and LSMKnowledgeFilterElement.

The learning controller includes the control algorithm (cf. Sections 2.4.6 and 5.5), which
supervises the learning process. Hence, it is responsible for the creation and maintenance of
appropriate populations of LSMIndividuals (for feature weights and local measures). More-
over, it may – with the help of user or expert knowledge supplied – create knowledge-based
optimisation filters which are associated with the respective populations.

The next two sections focus on the question how the knowledge filters interfere with the
evolutionary process, i.e. how they exert the bias on the learning process.
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Figure 5.1: Excerpt of the Overall Class Structure Employed by FLSM and Enhanced in the
Scope of this Thesis

5.2 Advising Mutation Operators

In the following, we describe how our mutation operators handle the integration of three
main forms of knowledge, that may be contained in a knowledge filter, into the offspring
creation process: relational knowledge (via sets R of relations between several knowledge filter
elements), expert knowledge (in the form of lower and upper bound specifications l and u
as well as expert values µx with confidence levels c) and knowledge about a used grid (via
granularity values g).

5.2.1 Relational Constraints

According to our depiction in Chapter 4 relational knowledge may become involved,

• when using the monotony constraint for a certain local similarity measure,

• when the respective attribute is taxonomic or ordered symbolic and the individuals are
modelled as similarity trees or ordered symbolic individuals, respectively (cf. Sections
4.4.3 and 4.4.4)

• or when the expert defines weight preferences (cf. Section 4.4.1).

Moreover, an expert may specify relations to be fulfilled between entries in similarity tables or
between several of a similarity vector’s sampling points and in doing so employ sets of relations
to be included in the particular knowledge filter.

The most straightforward strategy to guarantee the compliance with all relations would be to
simply reset the concerned similarity value, if its mutation has made it violate a relation. Let,
for example, vI

1 = 0.1, vI
2 = 0.3 and vI

3 = 0.4 be the values of some sampling points, contained
in a similarity vector. The corresponding knowledge filter’s relation sets be e1.R = {(2,≤)},
e2.R = {(1,≥), (3,≤)} and e3.R = {(2,≥), (4,≤)} and the application of a mutation operator
changed vI

2 from 0.3 to 0.5. In that case, a relation induced by e2.R is not met – and K might
simply reset vI

2 to 0.4 so that it holds vI
1 ≤ vI

2 ≤ vI
3 .
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5.2 Advising Mutation Operators

Unfortunately, that kind of “error correction” would not be utilisable for crossover operators
in such a simple way. For that reason we made the design decision – aiming at the development
of a uniform concept to integrate the filter knowledge into the processing of genetic operators –
that the knowledge filter should be allowed to give some kind of “advice” to genetic operators
(both, mutation and crossover operators), enabling them to construct offspring that fulfills all
constraints.

On account of these arguments, a knowledge filter analyses all the relations it includes,
that way determines the minimal (vI

i,min) and maximal (vI
i,max) permitted value for vI

i (for all
i) and hands these limits to the respective mutation operator. Then, the mutation operator
interprets vI

i,min and vI
i,max as the lower and upper bound (l and u), as specifiable by an expert,

and calculates vI
i ’s new value from interval [vI

i,min, vI
i,max] as in the case of handling expert

knowledge (see below) employing the uniform filter element search strategy (f = funif ).

5.2.2 Bound Specifications

For reasons of simplicity, we assume that the expert’s constraints on similarity values are
always symmetric, i.e. if the expert specifies a lower bound l, an upper bound u and an expert
value µx, then it holds u − µx = µx − l. In practical usage, however, it is likely that an
expert is about to express his/her ideas about the respective measure via confidence levels c
(cf. Definition 4.12) in combination with the expert value µx for each filter element. Note,
that we map those confidence levels to lower/upper bounds (see Table 5.1).

Confidence Level Mapped to
c ∈ C Lower Bound l Upper Bound u

uncertain µx − 0.5 µx + 0.5
low µx − 0.3 µx + 0.3

average µx − 0.15 µx + 0.15
high µx − 0.05 µx + 0.05

certain µx − 0.5 µx + 0.5

Table 5.1: Numerical Realisation of Confidence Levels

Depending on the expert-specified search strategy fq (q ∈ {unif, lin, gauss}, cf. Definition
4.13) the behaviour of each of our mutation operators – simple, multivariate non-uniform and
in-/decreasing mutation – is biased by l, u and µx. Algorithm 5.1 gives an overview how their
behaviour changes in comparison to their standard behaviour which was introduced in Section
2.4.4.

The Gaussian filter element search strategy is in need of a Gaussian random number gen-
erator in order to implement fgauss (cf. Definition 4.13). Typical programming environments,
however, provide uniform (pseudo) random number generators only.

In Algorithm 5.1 the desired Gaussian random number generator is abbreviated by G taking
the expected value as first and the standard deviation as second parameter. For the concrete
realisation one might apply the Box-Muller Method (Box and Muller, 1958) which calculates
two normally distributed random numbers n0 and n1 from two uniform ones (u0, u1 ∈ [0; 1])
according to

ni :=
√
−2 · log(ui) · cos(2π · u1−i) (5.1)
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Input : filter element e (including µx, l and u with c=u− µx =µx − l,
current age of the respective population t=age(Pi),
current value v of the similarity value to be mutated, filter element
search strategy f , increment ι to in-/decreasing mutation,
Gaussian random number generator G

Output : v′ ∈ [0; 1] as mutated value of v

1. set allowed value range for v′ due to search strategy

min :=

{
l if f =funif or f =flin

0 else
, max :=

{
u if f =funif or f =flin

1 else

2. do
a) set r := rnd(0, 1) // random number from [0;1]

b) calculate v′ according to

Mutation Filter Element Search Strategy
Operator uniform linear gaussian

simple v′ := rnd(l, u) v′ :=

{
c
√

2r+l if r>0.5

−c
√

2−2r+u else
v′ := G(µx, c)

non- δ := c · (1− r(1− t
T

)2)
uniform

v′ := v ± δ pdown := v−l
2c

, x := rnd(0, 1) d :=

{
1 if G(µx, c) > v

−1 else

v′ :=

{
v − δ if x ≤ pdown

v + δ else
v′ := v + d · δ

in-/de- δ := ι · c
creasing

v′ := v ± δ pdown := v−l
2c

, x := rnd(0, 1) d :=

{
1 if G(µx, c) > v

−1 else

v′ :=

{
v − 2δ if x ≤ pdown

v + 2δ else
v′ := v + d · ι

3. return v′

Algorithm 5.1: Exploitation of a Filter Element’s Knowledge by Mutation Operators

for i ∈ {0, 1}.
However, since the calculation of sine or cosine is computationally very intensive, we use

the polar method which is a variant of the Box-Muller method. It is substantially faster than
the Box-Muller method since it avoids the calculation of the trigonometric functions and it
has perfect accuracy (Marsaglia and Bray, 1964). Our implementation calculates two (µ, σ)-
distributed random numbers g0 and g1 from two uniform ones according to Algorithm 5.2.

5.2.3 Granularity Values

Each knowledge filter element e for a similarity value v may contain a granularity value g
(e.g) that determines how many values from [0; 1] are allowed to be assigned to v. Since
the application of a mutation operator in general determines a mutated value v′ which is not
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Input : expected value µ,
standard deviation σ

Output : Gaussian random variables g0 and g1

1. do
set u0 := rnd(−1, 1) // = 2 · rnd(0, 1) + 1

set u1 := rnd(−1, 1)
set r := u2

0 + u2
1

while r 6∈ (0; 1)

2. set g0 := u0 ·
√
−2 · ln(r)

r · σ + µ

3. set g1 := u1 ·
√
−2 · ln(r)

r · σ + µ

4. return (g0, g1)

Algorithm 5.2: Polar Method to Compute Gaussian Random Variables

consistent with the grid induced by g, the respective filter must be allowed to redefine v′

according to

v′ :=
round(v′ · g)

g
(5.2)

This means that the mutated value v′ is aligned with the nearest grid “line”. Note, that the
usage of granularities may, under certain circumstances, interfere with other demands made
on the respective similarity measure due to filter knowledge. By forcing all similarity values to
be consistent with the grid, it may, for example, happen that the monotony – which eventually
should be preserved, supplied that the filter’s monotony constraint is active – may go lost.

Our current implementation intentionally assigns higher priority to the consideration of
granularity values, which may accidently result in the creation of individuals that in part are
slightly inconsistent with the corresponding filter’s knowledge. A more elaborated solution to
that problem, i.e. a more sophisticated strategy to solve conflicts of that kind, is left for future
work.

5.3 Advising Crossover Operators

Making the same distinction into three forms of knowledge included in knowledge filters, we
now intend to describe how our crossover operators exploit that knowledge to create offspring
that does not violate any of the filter’s constraints.

5.3.1 Relational Constraints

Let us consider the situation for the monotony constraint as a representative for the utilisation
of relational background knowledge (for relation sets with other semantics, e.g. for taxonomic
similarity trees, the following arguments hold as well).
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The arithmetical crossover operator (see Section 2.4.4) can be characterised as being con-
vex with respect to fulfilling the monotony constraint. This means, when creating a new
individual from two monotonous parents by means of arithmetical crossover, the descendant
is obviously monotonous as well. Information exchange crossover, introduced especially for
handling ordered symbolic attributes, is convex as well.

Regrettably, this is not true for the remaining crossover operators (e.g. for simple, ar-
bitrary crossover or line/row crossover). Hence, for the offspring to be consistent with the
constraint for monotony, these operators need some advise from the knowledge filter likewise.
Our approach to handle that problem requires an extension of the functioning of simple and
arbitrary crossover. Provided with two parents IA = (iIA

1 , · · · , iIA
s ) and IB = (iIB

1 , · · · , iIB
s )

and a split point ς ∈ {1, · · · , s}, that is chosen randomly, simple crossover composes the child
as IC = (iIA

1 , · · · , iIA
ς , iIB

ς+1, · · · ,IB
s ). In doing so, IC will probably violate the monotony con-

straint, i.e. one or several relations, that are defined in the knowledge filter element for the
split point.

To avoid that we suggest to broaden the individual composition rule according to which
simple crossover works (the extension is analogous for arbitrary and line/row crossover):

IC = (iIA
1 , · · · , iIA

ς , (1− α) · iIA
ς+1 + α · iIB

ς+1, · · · , (1− α) · iIA
s + α · iIB

s ) (5.3)

Input : individuals IA = (iIA
1 , · · · , iIA

s ) and IB = (iIB
1 , · · · , iIB

s )
split point ς, knowledge filter K = (GK , EK) with sets of
relations e.R in at least one e ∈ E,
binary search accuracy ε ∈ (0; 1]

Output : parameter α ∈ [0; 1] as advise to the crossover operator

1. set αlow := 0, αupp := 2, α := αupp

2. do
a) set α := αlow+αupp

2

b) set
Iα := (iIA

1 , · · · , iIA
ς , (1−α)·iIA

ς+1+α·iIB
ς+1, · · · (1−α)·iIA

s +α·iIB
s )

c) if Iα is consistent with all relations in e.R for all e ∈ E
then set αlow := α
else set αupp := α

while αlow < 1 and αupp − αlow > ε

3. return αlow

Algorithm 5.3: Filtered Individual Composition via Simple Crossover

Note, that this rule (α ∈ [0; 1]) represents an extension of the original one as it contains the
behaviour of simple crossover as a special case for α = 1. Furthermore, it is obvious that there
is always a largest α ≥ 0 for which IC is monotonous. The difficulty for the knowledge filter
is to determine the very largest α ≤ 1 for which no constraint violations occur – of course we
are interested in finding the largest one as this will result in maximal information exchange
between both parents forming the successor.
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For that purpose we apply a simple binary search according to Algorithm 5.3. The maximal
α calculated by that algorithm depicts the advice the knowledge filter hands to the respective
crossover operator.

5.3.2 Bound Specifications

The presence of expert knowledge in form of bound specifications, expert-estimated values and
confidence levels does not make any demands to the crossover operators. In other words, all
crossover operators we employ are convex with respect to the forms of knowledge mentioned
because those operators refer to single similarity values only. Consequently, our operators do
not need further extensions to handle that knowledge.

5.3.3 Granularity Values

If a granularity value is given in a knowledge filter element, we can presume that the parent
individuals are consistent with the grid induced that way. Accordingly, simple, arbitrary,
line/row or subtree crossover – which do not change any similarity values, but concentrate on
composing offspring by parts of the parents’ genomes – work precisely with granularity values.
As far as arithmetic crossover – indeed assigning new similarity values via average calculation –
is concerned, we proceed in the same manner as in the case of handling granularity values for
mutation operators (see Section 5.2.3).

5.4 Retrieval Meta Knowledge

Retrieval meta knowledge, viz meta knowledge about the mechanisms according to which
retrievals and involved similarity assessments and calculations are carried out, may be exploited
to optimise the learning process as well.

When having a look at the contents of the retrieval container in the knowledge container
model, one can distinguish between two kinds of knowledge included: first, similarity measures
themselves and, second, the meta knowledge mentioned before. In the following, we intend to
employ the latter to improve the learning of the former kind of retrieval knowledge – we will
do so by introducing a smart fitness calculation.

5.4.1 Foundations

The most time-consuming part of the entire optimisation process is represented by the evalu-
ation stage and fitness assessment (see Figure 2.7) of newly created individuals, respectively.
As described in Section 2.4.5 that process involves the conduction of a complete CBR retrieval
for each query contained in the set of available training examples, which requires plenty of
computation time. Since the similarity measures we are dealing with are composed according
to the local-global principle (cf. Section 2.2.1) a single computation of the similarity between
a particular case and query requires the calculation of all belonging local similarities based on
corresponding local similarity measures as well as an appropriate amalgamation of those using
feature weights.

It is our goal to significantly speed up the process of assigning fitness values to individuals by
improving the way in which the necessary similarities and thus retrieval results, which provide
the basis for the fitness assessment, are calculated.
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Let us for now consider the optimisation of the local similarity measure for a particular
attribute Aj with a corresponding population Pj of individuals representing local similarity
measure for Aj . In the breeding stage λ successor individuals Ioff1

Aj
, . . . , Ioffλ

Aj
are generated

that all have to be assigned a fitness value.

To assess their fitness, however, we must regard the currently available individuals in the
remaining populations Pi as well, which provide us with the mandatory local measures (and
maybe feature weights either) for the other attributes Ai (i ∈ {1, . . . , n}, i 6= j). We of
course pick the currently fittest individual Ifit

Ai
from each population Pi (i 6= j). Those top-fit

individuals – translated into a corresponding local similarity measure simfit
Ai

– together with
one of the offspring Ioffk

Aj
form an entire similarity measure Simk based on which a retrieval

may be carried out.

During the evaluation of all Ioffk
Aj

(k = 1, . . . , λ) the remaining fittest individuals and hence
local similarity measure for all other attributes Ai (i 6= j) remain unchanged. This fact provides
the basis for our intended improvement of the individual evaluation procedure.

Input : individuals Ioff1

Aj
, . . . , Ioffλ

Aj
and fittest individuals Ifit

Ai

from Pi (i ∈ {1, . . . , n} \ {j}),
normalised weights w1, . . . , wn, case base CB,
training data TD(Q) based on query set Q

Output : fitness f1, . . . , fλ values for Ioff1

Aj
, . . . , Ioffλ

Aj

1. define LSimStore as |Q|×|CB|-matrix
2. forall q ∈ Q do

forall c ∈ CB do

LSimStoreq,c :=
∑n

i=1,i6=j wi · simfit
Ai

(q.Ai, c.Ai)
3. for r = 1 to λ do

a) forall q ∈ Q do

i. forall c ∈ CB do

simj := simoffr

Aj
(q, c)

Simr
q(c) := wj · simj + LSimStoreq,c

ii. set retrResultr(q) := (Simr
q(c1), . . . , Simr

q(c|CB|))
with cs ∈ CB for all s ∈ {1, · · · , |CB|} and
Simr

q(cs) ≥ Simr
q(cs+1) for all s ∈ {1, · · · , |CB| − 1}

b) set fr := Êx(Simr, TD(Q))
on the basis of retrResultr(q) for all q ∈ Q

4. return (f1, · · · , fλ)

Algorithm 5.4: Smart Fitness Calculation
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5.4.2 Brute Force vs. Smart Fitness Calculation

By default, the computation of the retrieval error Êx(Simk, TD(Q)), which equals the fitness,
would compose Simk from simfit

Ai
(for all i 6= j) and a specific simoffk

Aj
(with k ∈ {1, . . . , λ})

and start a retrieval for each query q ∈ Q in the training data1. That would involve the
calculation of all local similarities simfit

Ai
(q.Ai, c.Ai) for all cases c ∈ CB and all queries q ∈ Q.

When proceeding to the evaluation of offspring I
offk+1

Aj
, this brute force fitness calculation

would again calculate all simfit
Ai

(q.Ai, c.Ai) for all c and q – which in fact represents an enor-
mous overhead and waste of computational resources. Instead, we suggest to store as many
intermediary computation results, i.e. local similarities, as possible and to reuse them during
the subsequent fitness evaluations for Ioffl

Aj
(with l > k).

Obviously, the smart fitness calculation (Algorithm 5.4) first stores all local similarities
that may be reused to evaluate further individuals of a specific population in the matrix
LSimStore. As a consequence, the actual CBR retrievals (Step 3.a)) done for each Ioffr

Aj

(r = 1, . . . , λ) involve only the calculation of one single local similarity (simoffr

Aj
), a table

lookup to LSimStore, one addition and one multiplication operation and finally the ordering
of global similarities Simr

q(c).
The construction of LSimStore is accomplished beforehand (Step 2) and has to be done

only once prior to the actual evaluation of the λ offspring individuals.

5.4.3 Achieved Improvement

Before representing an overview of the savings of computational time that can be obtained,
when using the smart fitness calculation, we want to emphasise that its benefit can be even
increased: In Section 2.4.6 we point that we optimise all attributes of the respective case
representation in a pseudo-parallel way using a round-robin processing. This means, that
each population Pi is optimised for % (round robin size) generations (t → t+1, t+1 →
t+2, · · · , t+%−1 → t+%) before proceeding with Pi+1. When taking that optimisation
technique into consideration, it becomes clear that it is sufficient to construct LSimStore
only once – at the beginning of generation t – and to leave it unchanged and use it for the
subsequent % evolutionary cycles.
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Figure 5.2: Performance of Smart Fitness Calculation Compared to Brute Force Fitness Cal-
culation

1Note, that simx
Ai

denotes the local similarity measure the individual Ix
Ai

stands for.
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Figure 5.2 summarises the achieved improvements regarding saved computation time exem-
plarily for two application domains. Since the accurate computation times depend on the used
hardware, we decided to show the relative improvement in comparison to the brutal force fit-
ness calculation (BFFC =̂ 100%). The smart fitness calculation as described above is denoted
as SFC(1), this case corresponds to using a round robin size % = 1. Furthermore, we exem-
plarily show the further improvement that can be yielded when the smart fitness calculation
is employed during a certain number of evolutionary generations in the scope of a round robin
optimisation (SFC(5) for % = 5 is diagrammed).

From Algorithm 5.4 it is clear that the benefits of SFC depend linearly on the number λ of
offspring generated within one generation (we used λ = 10), on the round robin size % as well
as on the number of attributes (car: n = 6, housing: n = 12) that are used in the respective
application domain.

5.5 Intelligent Control of the Learning Process

In our previous work (Stahl and Gabel, 2003) we employed FLSM to improve a similarity
measure to be used for a product recommendation and configuration system for personal
computers. A closer look at the progress of the optimisation process as conducted by FLSM
in that domain reveals that a big part of the learning procedure proceeds without significant
improvements (with respect to the retrieval error function).

5.5.1 Initial Situation

There are several reasons why computational resources may be wasted during learning:

• The local similarity measures for each attribute are treated equally. This means, each
population Pi representing candidate measures for attribute Ai is optimised for the same
number of evolutionary cycles, regardless of the respective feature weight. Thereby,
the fact is completely disregarded, that local measures for attributes with high weights
contribute more to the overall quality of the similarity measure. Hence, due to their
higher influence on the similarity assessment, they might hold more potential to yield
learning improvements.

• The optimisation of a local similarity measure for one particular attribute A1 may proceed
faster than for another attribute A2, approaching the respective optimum (in terms of
individual fitness and retrieval error, respectively) at an earlier point of time, i.e. after a
smaller number of evolutionary generations topt1 < topt2 . This behaviour depends on how
“learnable” a specific attribute’s similarity measure is and it is also influenced by the
number of similarity values by which the respective local measure is prescribed: Without
any doubt, it should be possible to find a 3×3 similarity table’s (genome of 9 variable
similarity values) optimum faster than to reach the learning goal for a 10×10 table (100
values to be adjusted).

These arguments make clear that a uniform dispatching of computation time, as done by
the round-robin processing (see Section 2.4.6), seems disadvantageous. In particular, it does
not make sense to further optimise the local similarity measure for a certain attribute after
topt has been transcended.
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5.5 Intelligent Control of the Learning Process

The description of a personal computer in the scope of the PCCustomisationDomain comprises
11 attributes, for which the local similarity measures were optimised for 400 evolutionary
generations via round-robin processing with round-robin size % = 5, while the feature weights
were learnt prior (Stahl and Gabel, 2003).
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Figure 5.3: Attribute-Specific Analysis of the Learning Progress Obtained in the PCCustomi-
sationDomain: Average Relative Improvements (left) and Attribute Splitting Con-
cerning Fast and Slowly Learnable Local Measures (right)

The total retrieval error (which equals fitness) improvement for the given training data
(Ê(Simt=0, TD) − Ê(Simt=400, TD) = 11956) can be decomposed into partial improvement
contributions provided by the eleven attributes whose local measures were learnt pseudo-
simultaneously. Figure 5.3 (left part) illustrates that decomposition averaged for 10 repeti-
tions of a learning process with 200 training examples. The attributes Casing and RAMType,
for instance, produce comparatively high accumulated fitness improvements during learning,
whereas CPUClock or GraphicMemory contribute the lowest ones. Note, that this behaviour can
only in part be explained by the different feature weights that are assigned to these attributes.
In Figure 5.3 the respective relative feature weights (in percent) are denoted in the right part
of each chart. It becomes obvious that, in general, highly-weighted attributes yield higher
learning improvements (e.g. Casing with more than a fifth of the overall improvements), but
that there are also some exceptions (e.g. the Price attribute with a comparatively high weight
and rather little contributions to the optimisation process).

The underlying reason for the attributes’ differences in absolute learning improvement con-
tributions and in the shape of the respective learning curves, however, goes back to the specifics
of the PCCustomisationDomain. The domain modelling includes a number of adaptation rules
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to customise retrieved personal computers with respect to the user’s demands. As described
in Section 2.3.3, the learning goal can be characterised as finding a similarity measure that
implicitly, i.e. already during the retrieval phase, regards the possibilities of case adaptation.
So, the creation of training examples, i.e. of case order feedback, involves the adaptation of all
cases in the case base with respect to the respective query and a corresponding utility assess-
ment to determine that case order. Consequently, those attributes to which the adaptation
rules refer rather often, will presumably be able to contribute more to the learning’s progress.

We need to emphasise two properties of the observations we made: On the one hand, the
mentioned characteristics are not specific to a single run of FLSM or to the training data set
used, but rather domain-specific. As specified before, we determined the averaged accumulated
retrieval error improvements for 10 repetitions of the learning process for newly generated
training data each time: The results, as summarised in the left part of Figure 5.3, show that
the described behaviour appears not by chance but rather systematically. For reasons of the
charts’ readability we omit to also plot the corresponding standard deviations.

On the other hand, the set of attributes characterising a personal computer can be divided
into two subsets – those whose local similarity measures are learnable comparatively fast,
reaching the optimum (w.r.t. the training data) before t = 400, and those for which the
optimisation takes a longer time, creating further fitness improvements even at later times of
the evolutionary process. That heuristic division into Afast ⊂ A and Aslow ⊂ A is manifested
in the right part of Figure 5.3. The upper chart shows the attributes belonging to the former
subset (e.g. Casing or HDSize), while the bottom part contains the attributes that can be
classified as belonging to the latter one (e.g. RAMType or MainboardType).

Those arguments support our initial claim that FLSM’s optimisation process ought to avoid
a uniform dispatching of computation time via round-robin processing and should instead have
a model of its own to realise an intelligent learning scheduling. In the following, we want to
present an approach realising such a scheduler that utilises dynamically acquired knowledge
about the previous progress of the optimisation process.

5.5.2 Intelligent Learning Scheduler

We keep on pursuing the idea of optimising each population Pi for a certain number of suc-
cessive evolutionary cycles and denote that number with % further on. As shown in Section
5.4.3 that proceeding results in an enormous reduction of computation time. Nevertheless, we
intend to prescind from a strict round-robin processing – instead, a learning scheduler shall
decide which population to evolve at which point of time, fulfilling the following requirements:

• When deciding which population, i.e. measures for which attribute, to evolve next,
the previous progress of the contribution to learning improvements from the respective
attribute/population should be taken into consideration. Those populations ought to
be favoured, for which it is likely that their evolution will soon result in further fitness
improvements.

• A periodic, deterministic evolution of feature weights is indispensable because of their
superior influence on the similarity assessment.

• As feature weights may change from time to time, the current weights for a specific
attribute must also exert influence on the decision with which population to continue.
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In order to accomplish those demands, the learner needs a reflective model of the preceded
learning process.

Definition 5.1 (Reflective Optimisation History)
Given n attributes A1, · · · , An whose local similarity measures simAi are to be optimised and
let Pi be the corresponding populations. Further, let t̂ = age(Pweights)+

∑n
i=1 age(Pi) be called

total generation counter, where age(Pi) denotes the age of the respective population.
Then, the reflective optimisation history H is defined as a vector

H = (h1, · · · , ht̂) with hi =< P, τ, w, Ê > for all i ∈ {1, · · · , t̂}

Here, P ∈ {P1, · · · , Pn} denotes the population which was evolved for one cycle at total time
index i, w corresponds to the feature weight currently assigned to Aj (Pj = P) at time i, τ
stands for the age of P, i.e. τ = age(P), and Ê is the fitness of the currently fittest individual
within P.

On the basis of the inner representation of its learning process, that the learner obtains
via the reflective optimisation history, we can define a dynamic scheduling algorithm which
computes and assigns evolvement probabilities pev

i to each attribute Ai and population Pi,
respectively. That probability is then used to determine for which population the subsequent
% generations are calculated next. As a consequence, some populations are preferred and
are thus allowed to evolve for a longer time than others – which basically means that the
learner exerts a bias towards certain regions of the search space, i.e. lays its focus on local
measures for certain attributes. For example, it may happen that, when presuming a total
generation counter t̂ = 100, the individuals in P1 were allowed to evolve for 50 generations,
the measures for attribute A2 in population P2 evolved for 30 cycles and that P3 reached an
age of age(P3) = 20 only.

The crucial element of Algorithm 5.5 is the computation of evolvement probabilities pev
i

in Step 2b)i. Before we can introduce an accurate definition for them, we need to specify
a measure (PGain, see below) for an attribute’s previous contribution to the retrieval error
improvement on the training data. Roughly speaking, PGain employs, first, a coarse approx-
imation of the accumulated fitness improvements obtained during previous learning of a local
similarity measure for the respective attribute and, second, an appropriate weighting scheme.

Definition 5.2 (Attribute-Specific Retrieval Error Improvement Contribution)
Given the learner’s reflective optimisation history H = (h1, · · · , ht̂), the round-robin size %,
an attribute Ai ∈ {A1, · · · , An} with belonging current weight wi, the attribute-specific re-
trieval error improvement contribution is defined as

PGaini(t̂) = wi ·
ν∑

j=1

hfind(i,j).Ê − hfind(i,j)+%.Ê

hfind(i,j).w
(5.4)

where find(i, j) searches the index of the history entry that corresponds to the point of time at
which Pi was j generations younger than presently (age(Pi)), i.e.

find(i, j) = t so that ht.P = Pi

and ht.τ = age(Pi)− j · %

The value of parameter ν ∈ N determines the backward reach covered by function PGain.
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Input : populations P1, · · · , Pn and Pweights for local similarity
measures and feature weights, respectively,
round-robin size %

Output : optimised similarity measure Simopt consisting of
optimised local measures and feature weights

1. define reflective optimisation history H

2. while stop criterium is false do

a) let Pweights evolve for % generations
b) for dummy = 1 to n

i. for i = 1 to n

set pev
i according to Equation 5.4 in Def. 5.2

ii. for i = 1 to n

set p̂ev
i :=

∑i
j=1 pev

j

iii. set r := random number from [0; 1]
iv. set m := min{ j | j ∈ {1, · · · , n}, r ≤ p̂ev

j }
v. let Pm evolve for % generations and update H appropri-

ately

3. return Simopt = (simfit
A1

, · · · , simfit
An

, (w1, · · · , wn)fit)

Algorithm 5.5: Control Algorithm Based on an Intelligent Learning Scheduler

The definition of PGain also allows for a more intelligent realisation of the stop criterium.
Instead of terminating the evolution process after a certain number of generations has been
processed, the stop criterium can also consider the current value of PGain. For example, the
stop predicate might become true, if

∑n
i=1 PGaini(t̂) has fallen below a particular threshold

for a certain number of consecutive cycles.
Note, that PGaini(t̂) may also be negative; this is, for instance, true for attribute HDSize

in the experiment summarised in Figure 5.3, at least at later stages of the evolutionary pro-
cess. Based on Definition 5.2 we may now introduce the calculation rule for the mentioned
evolvement probabilities utilised by the intelligent learning scheduler.

Definition 5.3 (Evolvement Probabilities)
Given attributes A1, · · · , An, the round robin size % and the learner’s reflective optimisation
history H = (h1, · · · , ht̂), the evolvement probability pev

i for each attribute Ai (i ∈ {1, · · · , n})
is calculated after

pev
i =


1
n if t̂ < n · % or

∑n
j=1 PGainj(t̂) ≤ 0

norm(PGaini(t̂))

ν·
∑n

j=1 norm(PGainj(t̂))
+ 1

ϑ·n else
(5.5)

where ϑ > 1 and norm(x) =

{
x if x > 0
0 else

.
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The “normalisation” of PGaini(t̂) via norm(x) ensures that the sum of all P ev
i is 1. The

parameter ϑ, which pragmatically should have a value larger 10, guarantees that a minimal
evolvement probability is assigned to any population/attribute, even if there were no improve-
ments achieved previously (i.e. PGaini(t̂) ≤ 0). Thus, for example, ϑ = 20 causes that it holds
PGaini(t̂) ≥ 0.01 for all i ∈ {1, · · · , n}, when assuming n = 5. The first case in Equation 5.5
results in a statistically uniform scheduling which assures that the local similarity measures
for all attributes are optimised with equal chance at the beginning of the learning process.
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6 Experimental Evaluation

This chapter presents experimental results gained from an evaluation of the extensions to
FLSM introduced in the scope of this work. The first section provides a proof of the principle
learning capabilities of FLSM when applied to classification and solution prediction tasks.
Afterwards, we focus on the learning improvements that can be gained by means of additional
background knowledge that is incorporated into the optimisation process. The last section
within this chapter examines the benefits of employing a learning scheduler to dynamically
guide the search process into promising regions of the search space and compares the results
to the standard round-robin proceeding.

6.1 Performance Evaluation for Predictive Application Domains

In this section we want to evaluate the extensions to FLSM that we have introduced throughout
Chapter 3. First, we carry out an analysis of the error functions discussed above, as being
applied to a smaller number of classification and solution prediction domains. On the basis
of the corresponding experimental results we decide for specific parameter settings and then
apply the introspective learning of similarity measures to various application domains. The
results obtained from that second set of experiments shall also be considered with respect to
the issue of overfitting.

The application domains and hence the belonging training (case) data sets used in the
following are taken from the UCI Machine Learning Repository1 of the University of Irvine,
California (Blake and Merz, 1998).

6.1.1 Comparison of Error Functions

The choice of an appropriate error/fitness function is of crucial importance for the proper
functioning of the evolutionary optimisation techniques we are employing. In order to make
a decision for a specific error function, that shall be used throughout the remainder of this
thesis, we compare FLSM’s learning capabilities, when making use of different error functions
as introduced in Chapter 3. Doing so, we distinguish between the following types of tasks and
domains, respectively:

Classification Tasks: determining the best value for ω ∈ [0; 1] (as parameter to EC) in com-
bination with the optimal class membership prediction strategy (linear, exponentiated
with β = 2, position-weighted with α = 5)

Numerical Solution Prediction Tasks: deciding on the best error function (EIS , ES , EPs ,
EPd

) in combination with the optimal solution prediction strategy (linear, exponentiated,
position-weighted)

1http://www.ics.uci.edu/∼mlearn/MLRepository.html
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For the former tasks we created a benchmark on the basis of the learning results obtained
in three classification domains (car, hayesroth and testdomain) for a relatively high number of
training examples (|TD| = 200) and a sufficiently high number of evolutionary generations
(t = 200). For the latter ones we confined ourselves on two domains only (autompg and servo)
due to the higher computational effort, while keeping the other basic conditions unmodified.

In order to achieve a better comparability of results, we set k = 10 for all experiments
conducted, i.e. a query’s 10 nearest neighbours are taken into account, when predicting its
class/solution. Of course, an online optimisation of k might have resulted in even better
learning results.

The quality of a learnt similarity measure is expressed in terms of

• classification accuracy on an independent test data set in the case of classification tasks

• accuracy in predicting the (numerical) solution on independent training examples from
a test data set in the case of solution prediction tasks.

Figure 6.1 summarises the average errors over all benchmark domains and over 10 repetitions
of the entire experiment as well as the corresponding standard deviations.

Regarding solution prediction tasks, whose results are summarised in the left part of that
figure, we need to mention that the relative prediction errors (relative to the error induced by
the default similarity measure) are shown. That kind of normalisation is necessary and helpful
since the absolute differences between correct and predicted solutions in the two involved
application domains lie in different orders of magnitude, so that a simple average calculation
would have distorted the results.

Apparently, the error functions based on ordinal/cardinal feedback about the correctness
of the retrieved case order, EIS and ES , perform worse than the two error functions that are
based on outcome prediction results. In particular, the employment of the index error from
solution similarity does not produce a learnt similarity measure that yields better retrieval
performance than the default similarity measure. On the other hand, both solution prediction
error functions EPs and EPd

lead to similarity measures that have retrieval errors that are on
average more than 30% less than the error induced by the default measure. In the following,
we make use of the combination α = 5/EPs , i.e. the solution prediction similarity error with
position-weighted (α = 5) solution prediction strategy, which has yielded top results in the
scope of the benchmark at hand.
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Figure 6.1: Comparison of Error Functions
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6.1 Performance Evaluation for Predictive Application Domains

Concerning classification tasks Figure 6.1 (right part of that illustration) makes clear that the
differences induced by the usage of different error functions are not as tremendous. However,
a significant reduction of the average classification error – compared to the error induced
when using the default similarity measure – can be perceived. We decide to employ the
combination β=2/ω=0.5 in the following, meaning to use the exponentiated class membership
prediction strategy with β = 2 and setting ω = 0.5. That setting for ω obviously yields pretty
good results no matter according to which strategy the class membership probabilities are
calculated. Although the position-weighted class membership prediction strategy (α = 5)
narrowly outperforms our choice in the scope of this benchmark, we actually do not want to
employ it for both types of application domains – since it is also our interest to experiment with
different settings – and thus settle on using the exponentiated strategy (β = 2) for classification
tasks.

6.1.2 Comparison of Application Domains

In this section we apply FLSM’s learning capabilities to numerous application domains, proving
that learning of similarity measures is beneficial in most application scenarios (learnt measures
clearly outperform knowledge-poor default measures) and that, on the other hand, there are
significant differences between achieved performance improvements in different domains. Set-
ting off, we introduce a simple measure to formalise a learning algorithm’s overfitting behaviour
under certain parameter settings. As mentioned earlier, we use the default similarity measure
Simdefault (cf. Definition 2.6) as a basing point, i.e. we compare the quality of learnt measures
with the quality of the default similarity measure.

The start of a single optimisation process is represented by forming and evaluating an initial
population P0 of random similarity measures (cf. Section 2.4.1). When the stop criterion t has
become true, the learning algorithm has created an improved population of similarity measures
with Iopt at its top. Thus, for the corresponding similarity measure Simopt it (usually) holds:
Êx(TDtrain, Simdefault) ≥ Êx(TDtrain, Simopt). However, due to the effects of overfitting (see
Section 4.1) in many cases the improvement yielded during optimisation does not pass on to
the test data, i.e. the improvements on the test data are usually smaller than on the training
data. In other words, the model generated, here a similarity measure, is too specialised to the
training data set.

Definition 6.1 (Optimisation Ratios)
Given the default similarity measure Simdefault as well as an optimised one Simopt, a training
data set TDtrain and an independent test data set TDtest, the training optimisation ratio
is defined according to

ζ =
Êx(TDtrain, Simdefault)

Êx(TDtrain, Simopt)

and the test optimisation ratio as

ξ =
Êx(TDtest, Simdefault)

Êx(TDtest, Simopt)

where x denotes the error function and may be chosen from {IS, S, Ps, Pd, C}.
Moreover, the fraction ϕ = ζ−1

ξ−1 is called the overfit ratio.
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6 Experimental Evaluation

Using that notation, overfitting can be described as ζ � ξ. More generally, one can say:
The higher the difference between ζ and ξ, the higher the impact of underfitting ( ζ

ξ < 1) or

overfitting ( ζ
ξ > 1).

In practice, the performance of a learning algorithm is good, if it keeps the quotient ζ
ξ as

small as possible, preferably near 1, while maximising ξ.
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Figure 6.2: Optimisation Ratios in Various Application Domains and the Problem of Overfit-
ting

Figure 6.2 opposes the training (x-axis) and test (y-axis) optimisation ratios for several
application domains. It shows the average relative improvements for each domain together
with the standard deviations along the training and test data dimension. All experiments are
based on 200 training examples (except for hayesroth, servo and tae with |TD| = 75 due to a
restricted amount of case data), on 200 evolutionary cycles and on 10 repetitions.

The diagram is divided into four quadrants, where quadrants II, III and IV determine regions
in which no improvement on the training data (ζ < 1), no improvement on the test data (ξ < 1)
or even no improvement on both data sets is reached. Fortunately, all considered domains are
to be found in the first quadrant, which itself is subdivided into two parts by the function
y = x, creating an overfitting region (Ia) and an underfitting region (Ib). Reading the chart,
one must keep in mind the following: On the one hand, the effects of overfitting are marginal,
if the optimisation ratios for a particular domain lie near or above y = x. This is, at least, true
for the titanic, testdomain and servo domains where ϕ < 2.5. On the other hand, a domain’s
ξ-value (y-axis) must be paid special attention to, as it refers to the actual improvement the
similarity measure yields. We can distinguish three classes of domains: For some a clear
improvement of more than 50% (ξ > 1.5) can be reached (testdomain, servo, hayesroth, car,
titanic), for some an average improvement of less than 50% (balancescale, housing) and for the
remaining ones only a very small improvement with a test optimisation ratio of less than 1.1.
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6.1 Performance Evaluation for Predictive Application Domains

The default similarity measure Simdefault represents a benchmark to which we relate the
results obtained using optimised measures. For all considered application domains the deter-
mination of the test optimisation ratio ξ (including the calculation of the average retrieval
error on the basis of using Simdefault) reveals how beneficial the utilisation of FLSM is. Figure
6.3 depicts that improvement in percent (ξ · 100%) for each domain (100% =̂ quality achieved
with default measure), which is achieved, when using the optimised, learnt similarity measure
Simopt.
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Figure 6.3: Relative Retrieval Improvements Compared to Default Measures

The domains in Figure 6.3 are ordered from left to right with respect to increasing per-
formance yielded, i.e. with respect to increasing improvement ξ over the default measure.
Obviously, there are considerable differences in FLSM’s ability to ameliorate the similarity
measures in the various domains (from no improvement to 112%). We wondered by what
these differences are caused and found a correlation with the complexity of the respective
domain.

Definition 6.2 (Domain Size Index)
Let D be an application domain with n attributes A1, . . . , An of which the attributes A1, . . . , Aσ

(σ ≤ n) are symbolic. Furthermore, let the value range DAi of each symbolic attribute Ai

consist of mi elements.
Then the domain size index is defined as

δD = n + s · (n− σ) +
σ∑

i=1

m2θ
i

where s denotes the predetermined number of sampling points used to interpolate similarity
functions and θ ∈ [0.5; 1] may be used to take into consideration that some regions of similarity
tables are of minor relevance.

The domain size index δD represents a very coarse heuristic to measure the complexity of
a specific application domain. For θ = 1 it equals the number similarity values that can be
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6 Experimental Evaluation

altered during learning, i.e. the sum of all feature weights, sampling points and entries in
similarity tables. The second (dark gray) data series in Figure 6.3 gives an impression of the
domains’ sizes we used during our experiments (we set θ = 0.75).

Apart from one exception, FLSM performed bad (ξ < 1.20) on “big” domains (δD > 100)
and well on “small” domains. At first glance, one might suspect that this peculiarity can be
blamed on overfitting. This is partly true, as three of the four bad domains have an overfit
ratio of ϕ ≥ 15, whereas the remaining domains obtain an overfit ratio of less than 5. Anyway,
the more underlying explanation goes back to the complexities of the domains as shown in the
chart above.

However, when having a closer look at Figure 6.2, one can find that FLSM did (in most
cases) achieve only very little improvements for the bigger domains on the training data as
well. Originally, we expected that especially the increased domain size and thus the increased
search space would give way for an evident optimisation success on the training data (of course,
mainly due to overfitting), i.e. causing the entries for abalone, creditscreening or tae to feature
a higher training optimisation ratio and hence a higher x-value in Figure 6.2. Here, it remains
uncertain whether that effect would have happened to occur, if we had increased the number of
evolutionary cycles performed during the experiments. One may presume that a more dynamic
stop criterion, which does not dispatch the same amount of computational resources to each
learning process (e.g. a fixed number of evolutionary generations) but which also takes the
respective domain size and thus the complexity of the optimisation process into consideration,
would have led to different results.

6.2 Filter Experiments

The previous section has stressed the general learning capabilities of FLSM when applied to
classification and solution prediction tasks. On the basis of our observations and determina-
tion of relevant parameter settings we now want to examine the possible benefits, i.e. learning
improvements, that can be obtained when certain forms of background knowledge are incor-
porated into the learning process.

Without any doubt, the number of different strategies and techniques to improve the optimi-
sation of similarity measures, that we have introduced, is numerous. Accordingly, the number
of definable knowledge filters is amazingly high. Furthermore, the framework for learning sim-
ilarity measures allows for plenty of parameter settings, so that the number of experiments,
that actually ought to be conducted in order to obtain a really thorough evaluation, is unfeasi-
bly high as well. Moreover, the learning process in general is – despite all the optimisations we
have developed – still a complex task, computationally very demanding and hence extremely
time-consuming. For these reasons it is impossible to realise an exhaustive experimental analy-
sis of the whole parameter space, knowledge filter space and space of application domains in
the scope of this work. As a consequence, some of the approaches to incorporate knowledge
into the learning will not be evaluated explicitly, that task is left for future work.

Nevertheless, we try to design our experimental evaluation as comprehensive as possible by
selecting parameter settings for the learning algorithm that – at least so far – have proved to
result in convincing and stable results (e.g. the fitness functions determined in the previous
section) and by constructing a little number of classes of filters. For each of those classes, one
representative will be employed during learning. Finally, we picked six application domains
with rather different characteristics so that a good overview, though no statistically significant
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6.2 Filter Experiments

generalisations, of the achieved improvements over filterless learning can be obtained.

6.2.1 Filter Definition and Experiment Planning

As already mentioned, it is infeasible to define, apply and evaluate each possible knowledge
filter. Instead we identify a number of classes of filters and exemplarily employ one repre-
sentative from each class in each considered domain. Defining filter classes, we pursue the
distinction regarding the types of knowledge that are used to enhance the learning, namely
similarity meta knowledge (cf. Section 4.3) and expert knowledge (cf. Section 4.4) as well as
a combination of both.

m-Filters contain similarity meta knowledge only. This means, they may make use of the re-
flexivity, symmetry or monotony constraint, for example, or of an arbitrary combination
of them, depending on the purposefulness of constraint usage in the respective applica-
tion domain. Moreover, they are allowed to employ the knowledge mined from the case
base, e.g. by introducing a grid all similarity values have to fit in. It is important to
emphasise, that m-Filters are of special interest since the knowledge acquisition effort to
define them is only marginal.

e-Filters are enhanced via specific expert knowledge. Hence, those knowledge-based optimi-
sation filters can include bound specifications, expert estimations, confidence levels etc.
Although e-Filters are also permitted to exploit the advantages of structured (taxonomic
and ordered symbolic) attributes, none of our experiments covers these opportunities.

me-Filters represent the combination of the former ones, incorporating both kinds of addi-
tional knowledge to guide the optimisation process.

The main focus of our experiments is laid upon a confrontation of unfiltered and filtered
learning. We compare the learning results obtained, when using no filter at all, an m-Filter,
an e-Filter and an me-Filter, respectively. Moreover, we distinguish between different amounts
of training examples used for learning and illustrate the improvement, called filter gain, that
is created due to the usage of filters, i.e. relative to unfiltered learning. That proceeding is
repeated for each combination of filter type and training data size used.

We conducted the experiments in six application domains already known from the previous
section (balancescale, car, hayesroth, housing, servo, testdomain) and determined average results
as well as standard deviations for 10 experiment repetitions in each domain. We have to admit
that we favoured “smaller” domains (with one exception: housing), i.e. those with a domain
size index of less than 100 (cf. Figure 6.3) due to the enormous computational effort required
to accomplish all experimental repetitions2. However, we presume that at least similar results
are to be expected in the more complex domains.

Note, that the gradations concerning training data size are not equal for all domains, which
is due to a limited amount of available case data in some domains. The number of evolutionary
cycles, however, granted to the optimisation of each attribute’s local similarity measures as well
as to the learning of feature weights was held constant throughout all experiments (t = 200).
This implies that we did not employ the intelligent learning scheduler (cf. Section 5.5) and
instead proceeded according to standard round-robin processing.

26 domains × 10 repetitions × 4 filter types × 4 or 5 training data sizes
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6 Experimental Evaluation

Another relevant question is from which source we obtained the necessary expert knowl-
edge to be incorporated into the respective e-Filter. The answer is: By different means. The
testdomain was created artificially on the basis of known optimal (target) similarity measures
whose usage results in an error-free retrieval. Consequently, it is easy to simulate the corre-
sponding expert knowledge. In Figure 6.4 we exemplarily show how an e-Filter for one of the
testdomain’s attributes looks like. Furthermore, the granularity values for the corresponding
m-Filter are shown.

max

1.0

remaining
search space

excluded from
search space

expert value
target measure

0 c-q

179 122 110 97 84 71 58 46 33 20 7 granularity values

Figure 6.4: Example for an e-Filter in the testdomain and Granularity Values for the Corre-
sponding m-Filter

For three further domains (balancescale, car and hayesroth) there is a domain theory avail-
able (Blake and Merz, 1998) which gives substantial hints concerning appropriate similarity
measures. For the housing and servo domain we conducted a large-scale similarity measure
learning, i.e. on the basis of a maximally high amount of training examples. The average
learning results after a number of (very time-consuming) repetitions of that learning gave us
an indication how adequate expert knowledge might look like. Regarding the e-Filter’s defi-
nition, we paid attention that the search space restriction induced by the respective filter is
approximately the same for each domain so that the results are better comparable.

Because of its increased complexity we omitted the conduction of an me-Filter evaluation in
the housing domain. Furthermore, the m-Filter in that domain, which actually is intended to
predict the prices of housings in the Boston area, makes use of the monotony constraint only,
so that the corresponding experiment represents an evaluation of that constraint’s benefits.

6.2.2 Results

Before going into a detailed domain-specific presentation of results, we want to start with some
general remarks on the conducted experiments and thus consider the utilisation of additional
background knowledge via filters as a whole.

We are aware that our results cannot be regarded as being statistically significant as restric-
tions in available computing power allowed us to repeat each experiment only 10 times (in most
cases) and calculate average learning results and standard deviations. Despite that small num-
ber of iterations, we think that our evaluations show the general usability and purposefulness
of knowledge filters as a mean to enhance the optimisation process.

All in all, the employment of knowledge-based optimisation filters led to improved learning
results (apart from minor exceptions which probably represent outliers). The magnitudes of
achieved improvements, however, differed enormously over the various application domains.
Moreover, no clear tendency emerged concerning which filter type yields the highest gains for
which training data sizes. In many cases, the me-Filter produced learning improvements that
are approximately the sum of the m-Filter’s and the e-Filter’s gain. This effect is plausible
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6.2 Filter Experiments

since me-Filters represent a combination of the other ones and hence incorporate the most
knowledge.

Furthermore, it became obvious that the incorporation of expert knowledge in general gen-
erates higher gains than the usage of similarity meta knowledge only. This is not too surprising
insofar as expert knowledge can be described as more exhaustive and substantial than simi-
larity meta knowledge. That kind of outperforming, however, must be paid with the higher
knowledge acquisition effort that has to be invested when employing expert knowledge.

The left result charts shown in Figures 6.5 and 6.6 summarise the achieved error reductions
for increasing training data sizes (x-axis) with respect to the employment of default similarity
measures, learnt similarity measures without filter and learnt similarity measures with three
different types of knowledge filters (m-, e- and me-Filter). The charts in the right sketch the
filter gain in percent (100% · (1− errorfiltered

errorunfiltered
)), i.e. the additional learning improvement that

is achieved due to the utilisation of knowledge filters (compared to filterless learning).
For reasons of clarity, we try to group the obtained results into three fractions.

Group A Learning improvements could be obtained especially for small training data sizes,
regardless of the used filter types (though e-Filters slightly outperform m-Filters). When
learning on the basis of a higher number of training examples (|TD| > 50), the impact
of filter usage is in decline.

Group B No matter how many training examples were given as input to the repeated optimi-
sation processes, the usage of knowledge filters always causes improved learning results.
Tendentially, the gains for larger amounts of training data are even higher than for
smaller ones. Here, the improvements reached via m-Filters are comparatively low.

Group C In this group, a filter-specific distinction must be introduced. This means, while
one filter type is suitable for rather small training data sizes, another one creates more
learning improvements for higher amounts of training data.

In the following, we present and discuss the obtained results with respect to that division.

Discussion

The car, housing and servo domain can be classified as belonging to Group A. The filter gains
achieved by the [m]e-Filters are indeed notable, varying between 15% and 35% for small train-
ing data sizes. In the housing domain all attributes are numeric and the m-Filter contained the
monotony constraint exclusively. Obviously, that “simple” heuristic’s impact on the learning
success is impressive (around 25% gain).

When learning on the basis of a higher amount of training examples, the benefit of incor-
porating knowledge into the optimisation process shrinks. That effect can be explained by a
better informedness of the learner. For example, one may say that 75 training examples are
sufficient for the learning algorithm to produce optimal results – additional knowledge does
not create further improvements. Yet, we may also claim that the quality of the additional
expert knowledge did not suffice to yield those extra improvements.

That mentioned observation is less distinct in the housing domain since that domain’s com-
plexity is much higher. Note, that we have omitted the housing experiments for |TD| = 200,
as one single learning process with that amount of training examples would have lasted ap-
proximately 30 hours on a P-IV 1.8 GHz machine.
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Figure 6.5: Filter Experiments – Results for Group A

Group B includes the balancescale and hayesroth domain. Similarity meta knowledge, to
be exact the usage of the symmetry constraint3 and appropriate granularity values, resulted
in minor filter gains only (in general not much more than 10%). The incorporation of expert
knowledge via e-/me-Filters however, has shown a substantial influence. This may be due to the
fact that in both domains the expert knowledge for defining the corresponding e-Filter, partly
stemmed from an available domain theory. Consequently, that knowledge can be considered
as being of high quality – compared to the rather vague expert knowledge for the domains
in Group A – and therefore responsible for quite high filter gains even for training data sizes
|TD| ≥ 75.

3The monotony constraint was not employed here, as all of both domains’ attributes are symbolic.
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Figure 6.6: Filter Experiments – Results for Groups B and C

The testdomain, the only domain in result Group C, represents a special case. This artificially
created domain was designed to produce relatively poor results, when classifying on the basis of
default similarity measures (classification error > 0.4). Accordingly, the application of FLSM
is in general supposed to optimise the similarity measures to be used on a grand scale. As a
consequence, the room for further improvements by means of utilising background knowledge
is rather small.

Concerning m-Filters we found that their benefit grows with the amount of training data
used for learning. The contrary observation could be made for expert knowledge: Using an
e-Filter, the filter gains are larger for smaller amounts of training data. Of course, we would
have been able to define a “perfect” e-Filter as we know the “target” similarity measures which
produce no classification error at all in this domain. However, as mentioned above, the search
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space restriction induced by the testdomain’s e-Filter is approximately the same as in other
domains.

6.2.3 Extended Overfit Analysis

The bias which the knowledge contained in our filters exerts on the learning algorithm, i.e.
on the evolution strategy, is supposed to suppress the learner’s tendency to adapt the learnt
similarity measures too much to the training data. In other words, it should increase the
learner’s ability to generalise. This effect ought to manifest itself in a reduced overfit ratio ϕ,
as well.
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Figure 6.7: Extended Overfit Analysis for Three Application Domains: Train vs. Test Opti-
misation Ratios with Respect to Filter Usage and Used Training Data Size
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6.3 Scheduler Analysis

Returning to the illustration of overfitting as given in Figure 6.2 in Section 6.1, we expected
that the employment of knowledge-based optimisation filters results in a “shift” of the data
points into the upper-left direction, i.e. towards quadrant Ib. In fact, that kind of move was
– at least in principle – observable for some domains.

In Figure 6.7 three charts are shown that oppose the train and test optimisation ratios4 for
increasing training data sizes used for learning (data points on a single curve) and with respect
to the usage of knowledge filters (different curves). Obviously, the usage of knowledge filters
indeed causes an upper-left shift of the respective curves.

The first chart in Figure 6.7 reflects the improvements for the testdomain. Here, apparently,
the utilisation of additional knowledge via knowledge filters causes an notable reduction of the
train optimisation ratios while increasing the test optimisation ratios marginally. Furthermore,
the general runs of the curves are interesting. They reveal the dependency on the amount of
training data used for learning. Obviously, with increasing training data sizes the curves
approach y = x.

In the housing domain (second chart) filterless learning reaches almost no learning improve-
ments on the test data, at least for |TD| ≤ 200. For |TD| = 200 there is an improvement
of 36% (see Figure 6.3), but as already mentioned we did not conduct filter experiments for
that training data size. For filtered learning, however, the upper-left shift is obvious, though
it takes a different shape than in the other two domains.

The curves for the balancescale domain in the third chart suggest the following: No matter
which type of filter is employed, up to a certain amount of training data the learner yields none
or only very little improvements on the test data (y-value less than 1.2) compared to the default
similarity measures. When the number of training examples used for learning exceeds a certain
number, however, the learning success grows almost linearly with the amount of training data.
The application of knowledge filters here mainly causes smaller train optimisation ratios (in
particular expert knowledge) and slightly increased test optimisation ratios for |TD| ≤ 100.
For higher amounts of training data (|TD| > 100), however, additional knowledge obviously
boosts the test optimisation ratio.

We are convinced that the properties and appearance of the resulting graphs in some do-
mains are influenced by the fact that two-dimensional plottings are given here. Accordingly,
both, the respective x-value and the y-value, being characterised by relatively high standard
deviations, feature some element of randomness which collectively leads (for some data points)
to unbalanced values and thus to a maybe slightly peculiar illustration. Presumably, the qual-
ity of the respective charts would have increased, if we had made more than only 10 repetitions
for each data point.

6.3 Scheduler Analysis

The implementation- and optimisation-specific details presented in Chapter 5 covered two
techniques to improve the run-time behaviour of FLSM. On the one hand, we suggested a
smart fitness calculation. Due to its enormous impact on the overall performance of FLSM (it
speeds up the learning process by more than 5 times), the smart fitness calculation has been
applied during all experiments whose results are presented in the scope of this work.

On the other hand, we developed an intelligent learning scheduler whose intention is to
avoid a uniform dispatching of computational resources to all attributes a specific case rep-

4Mind the differently scaled x- and y-axes in these charts.
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6 Experimental Evaluation

resentation consists of. Instead it aims at approving those attributes of more computation
time whose similarity measures’ optimisation will presumably result in early and high learn-
ing improvements. Note, that throughout the experiments discussed in the current chapter
we have not made use of that scheduling algorithm. Consequently, a thorough evaluation of
that tool depicts a future task. Nevertheless, we have conducted first practical tests with the
intelligent learning scheduler and applied it to the PCCustomisationDomain (cf. Section 2.3.3).
An attribute-specific analysis of all attributes’ fitness improvement contributions (cf. Figure
5.3) in that domain gave the impetus to the development of the intelligent learning scheduler.

Figure 6.8 summarises the result of our tests. It shows the accumulated fitness improvements
with respect to the number of evolutionary cycles that has been processed (averaged over 5
repetitions). Obviously, the learning with using our scheduler causes a steeper learning curve
and yields in creating fitter individuals, i.e. better similarity measures, at earlier points of
time. At later stages of the evolutionary process both curves slightly approach towards each
other.
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Figure 6.8: A First Analysis of the Benefits of Using the Intelligent Learning Scheduler

Note, that the actual difference between both curves lies in the sequence according to which
the local similarity measures for the involved attributes are optimised. While unscheduled
learning treats all attributes equally (round-robin processing), scheduled learning favours the
optimisation of some attributes’ measures over the optimisation of other ones. As a conse-
quence, the former strategy grants a constant number of evolutionary generation (t = 400) to
the evolution of each attribute’s similarity measure. The latter strategy, however, optimised
the population for attributes HDSize and Casing for only 158 and 243 cycles (on average),
respectively, whereas letting CPUType’s and MainboardType’s population evolve for 661 and
934 generations, respectively.

A more exhaustive analysis of the learning scheduler’s benefits as well as a fine-tuning of its
relevant parameters is left for future work. Moreover, another striking question will have to be
addressed: The usage of the intelligent learning scheduler apparently results in an improved
learning as far as the training data is concerned (fitness improvements refer to the quality of
the corresponding similarity measures when applied to the training data). But, at this point
it remains uncertain, how much of those improvements can be conveyed to some independent
test data set. In other words, it has to be examined whether the employment of a learning
scheduler does not impair the learner’s ability to generalise and whether it really causes a
faster detection of high-quality similarity measures.
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7 Conclusions and Future Work

The knowledge container model for CBR systems speaks of four containers of knowledge by
which a specific system is characterised (Richter, 1995). The focus of the thesis at hand was
laid upon similarity measures, i.e. on the retrieval knowledge container.

7.1 Summary

The work of Stahl (2003) introduces a framework for learning similarity measures (FLSM).
Its main idea is to employ information about the correctness of retrieval results (called case
order feedback) in order to adjust and optimise a CBR system’s similarity measures. Here,
the term “optimise” means to enable the similarity measures to assess the cases’ utility for the
respective query more accurately.

Our work directly builds upon that learning framework and aims at its enhancement into
various dimensions. To do so, we started with giving a brief overview of that framework, an
outline of some of Case-Based Reasoning’s basics and with an identification of those of FLSM’s
characteristics whose improvement should be tackled within the scope of this work (Chapter
2). Moreover, we also introduced some of the learning framework’s properties in more detail,
e.g. the utilisation of evolutionary algorithms, in cases in which those details were needed for
the subsequent chapters.

A first achievement of this thesis was the extension of the learning framework’s applicabil-
ity, to be exact, to make it applicable in classification and solution prediction domains, too.
Therefore, we have introduced several new possibilities to calculate the retrieval error (and
therewith to assess a similarity measure’s quality) as well as a form of introspective learn-
ing that optimises the CBR system’s similarity measures from a collection of, for instance,
pre-classified cases.

On the one hand, that extension results in a broader applicability of FLSM. On the other
hand, the opportunity to learn similarity measures in classification and solution prediction
domains is beneficial insofar as it has given us access to a testbed of various application
domains for which a sufficient amount of cases is available. The latter issue has been of special
importance for the experimental evaluation of our work.

The main goal of this work concerned the development of strategies to incorporate addi-
tional background knowledge into the optimisation process, therewith improving it. We have
identified a number of different sources of background knowledge and divided them into two
groups: retrieval meta knowledge and expert knowledge. Retrieval meta knowledge denotes
simple heuristic constraints to guide the search into regions of the search space where similarity
measures can be found that are considered to be of “realistic shape”, i.e. whose appearance is
probable in practice. Moreover, an essential source of knowledge is represented by the avail-
able case data: A closer analysis of the interrelations within the case base may reveal certain
characteristics of the respective application domain that can be utilised to bias the search
(semi-automatically derivable). Expert knowledge, on the other hand, denotes substantial
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7 Conclusions and Future Work

additional knowledge that may be provided by a knowledge engineer, if he/she is capable of
giving a partial definition of an appropriate similarity measure, thus effectively restricting the
search space. All those knowledge sources aim at a restriction of the search space making some
regions of that space “preferable” over other ones. The actual restriction is accomplished via
so-called knowledge-based optimisation filters – entities into which all the gathered knowledge
is included and which are allowed to actively intervene and thus bias the search.

Another objective of the thesis at hand has addressed the amelioration of the optimisation
process itself, in particular aiming at speeding up the rather time-consuming evolutionary
optimisation techniques. Concerning that, we have proposed the employment of a smart fit-
ness calculation (smart retrieval error calculation), storing as many intermediary computation
results as possible and reusing them at later points of processing time. Finally, we have
suggested a reflective control of the entire learning process which at run-time dynamically
dispatches computation time to the search in those regions of the search space in which quick
learning improvements are highly presumable.

Demonstrating the general capabilities of the concepts introduced throughout this thesis, we
have conducted numerous experimental examinations. On the one hand, we have highlighted
the learning results that could be obtained for classification and solution prediction scenarios.
Though FLSM was able to learn similarity measures that clearly outperform default measures,
it was obvious that there was a lot of room left for further improvements (especially, when using
small amounts of training data). So, on the other hand, we have also examined the possible
benefits that could be obtained when additional background knowledge was incorporated into
the learning process via knowledge filters. The results, as presented in Chapter 6, depict
the convincing performance of the presented approach: In almost all considered application
scenarios the utilisation of background knowledge has caused clear learning improvements.
Furthermore, we have shown that the impact of overfitting (which usually shows up for smaller
training data sizes used for learning) could be reduced due to knowledge filter usage.

7.2 Perspective

Nowadays the amount of data, information and knowledge to be processed grows steadily. As
described in the Introduction, CBR represents an established technology tackling that problem.
However, as practical tasks are becoming more and more complex, the effort to build up a
case-based system increases evermore. Hence, one logical consequence is to automate some
of the steps required, when developing a CBR system. A comprehensive approach to realise
that promising idea has been introduced with FLSM (Stahl, 2003) – and our work has shown
a number of possibilities to enhance and ameliorate the capabilities of that framework.

The current implementations of both the learning framework and our extensions are of
prototypic character and are not suited for practical use. Regarding the definition of knowledge
filters, one of the next steps ought to comprise the design and development of ergonomic,
human-centred graphical user interfaces which allow for a simple acquisition and incorporation
of background knowledge, in particular of expert knowledge.

The sources of knowledge we have considered in the scope of this work have revealed a
considerable potential to yield improved learning results. When identifying and using further
forms of additional knowledge those benefits may be even increased – the architecture of our
implementation facilitates the easy incorporation of new types of knowledge disregarded so
far.
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7.2 Perspective

No doubt, a more extensive experimental evaluation would require a higher number of
experimental repetitions (i.e. more than 10) and should produce statistically significant results.
Due to the tremendous computational effort, we leave that task for future work. Furthermore,
a more thorough analysis of different parameter settings might generate interesting insights.
Apart from that, it was unfeasible to conduct an exhaustive examination of all definable
knowledge filters. Instead we have confined ourselves to three classes of filters and in so
doing omitted to analyse the effects of incorporating all possible forms of knowledge into the
learning process. So, we have not evaluated the utilisation of vocabulary knowledge (a special
form of expert knowledge, cf. Sections 4.4.3 and 4.4.4) or the benefits that may be achieved
via a non-uniform sampling point distribution for numeric attributes (cf. Section 4.3.2). An
experimental analysis of those knowledge sources represents another future task.

Finally, we suggest to also compare the learning results (e.g. achieved classification accura-
cies) obtained with optimised similarity measures – via filterless as well as knowledge-enhanced
learning – with other symbolic or sub-symbolic machine learning techniques. This may prove
or eventually disprove that the application of Case-Based Reasoning is superior to non-CBR
systems in the respective application domain. No matter, whether it is or whether it turns
out to be not, our analyses have clearly shown that the optimisation of similarity measures
in general leads to greater accuracy in problem-solving, when employed in various application
domains, and that the incorporation of additional knowledge even boosts that effect.
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